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Preface

From the physicists perspective, C*-algebras are well motivated to be studied. In
quantum mechanics, observables are self-adjoint operators H € L(H) on a Hilbert space
H. This requires the concept of hermitian adjoint A — Af. The hermition adjoint is
an antilinear ((A+ SB)" = A" + 3B') anti-involution ((AB)" = BTA" and (A" = A).
C*-algebras are Banach algebras with an antilinear anti-involution *, together with
some continuity assumptions about the norm. This additional structure leads to strong
results. For example, every x-morphism is norm decreasing, and if it is also injective, it
even is always an isometry (see theorem 2.6.10).

K-theory describes a sequence of functors K, from the category of (local) C*-algebras
to abelian groups. In fact, for complex K-theory, only Ky and K; are of importance.
A central result, the Bott-periodicity, states, that Ky = K,, and K; = K,,, for all
n € Ny. The K-groups can be used to analyze and categorize different C*-algebras.

These notes follow [All17] very closely, to the point, where it is but a translation in
some parts. On the other hand, these notes were created while I taught myself K-theory
of C*-algebras, and contain also setps, that may be considered as trivial. So the notes
are intended for the novice, rather than the expert.
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Functional analysis for C'*-algebras

This chapter is intended to give an overview of methods from functional analysis, needed for
C*-algebras and is mostly based on [Werll, chapter VIII(1-3) and IX(2)] with additions from
[All17] and [Con97]. In this chapter we introduce some basic concepts of locally convex spaces,
weak topologies, Banach algebras and the Stone-Weierstrass theorem. Since this chapter is only a
recap of what is needed for C*-algebras, most of the claims will not be proven here.

1.1 Locally convex spaces
We recall that a semi norm on a vector space X is a map p: X — R, such that

i) plz-z)=|z]-p(x), i) ple+y) <pl)+ply).

For p to be a norm, positive definiteness is missing.

Definition 1.1.1.
Let P denote a set of semi normes on X and F C P a finite subset. For F' and
€ > 0 we define:

Upe(z) ={y€ X |p(z —y) <e VpeF}.

Furthermore we make the convention Up.(0) = Up. and set

U = {Up. | F C P finite, € > 0} .

The set U can be regarded as a substitute of the collection of open balls. For that
reason we call it U-system, as it will turn out to be a basis of generalized open balls of
a topology. To list its properties, we use the following notation:

A+B={a+blac A be B} and AA={la|acA NeA}.

Furthermore we need some terminology.

Definition 1.1.2.
Let A C X be a subset (not necessarily a sub space), such that AA C A for
A ={)eR ||\ <1}. The Minkowski functional is defined by

pa: X — [0,00] pa(r) =inf{A>0] % € A} .

A is called absorbing, if ps(z) < oo for all x € X.

It can be shown that for convex A, the Minkowski functional is sublinear, i.e. pa(z+y) <
pa(x) +paly) (see [Werll, Lemma I11.2.2]).



2 Chapter 1 Functional analysis for C*-algebras

Definition 1.1.3.
A subset A C X is called circled if A\A C A for all |A\| < 1. It is called absolute
convex if it is convex and circled.

Now we can list the properties of U:
1.0eUforall U el.

2. Upummin(er,e0) € Up ey NUp, ¢,. Thus for any Uy, Uy € U there is a U € U, such
that U C Uy N Us.

3. UF,% +UF,% C Up.. Thus for any U € U thereis a V € U, such that V +V C U.

4. For A > %maﬁgcp(x) it holds that x € AUp.. Hence every U € U is absorbing.
pe

5. It holds that )\UR% = Up,, such that for every U € & and A > 0 thereisa V € U,
such that A\V C U.

6. Every U € U is circled.

These properties are enough to define a topology:

Definition 1.1.4.
Let U be an U-system then

T={0OCX|VeeO3Uel:{z}+UCO}

is called locally convex topology.

To give an intuitive explanation. We take a set O and an element of this set, which
will act as translation. Then we need to find a generalized open Ball U € U, which
upon translation still is in the set O. In the case of P = {|| - ||} for a normed space, the
generalized open balls ¢ will be just the open balls. Then the locally convex topology
translates to, that an open set is a set, such that for every point, we can fit in an open
Ball around that point, still being contained in the set.

Corollary 1.1.5.
It holds that
{[L’} + UF@ = UF,E(:L') .

Proof 1.1.6.
By definition y € {z} + Up. means there is a z € Up., such that y = z + 2. Then

ple—y)=plx—z—2)=p(z)<e VperF.
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Corollary 1.1.7.
For any U € U it holds that U € T.

Proof 1.1.8.
Let € U =Up, and 6 = mEaI;(p(a:) <e. Thus &’ = 52 > 0 with &' + 0 < ¢, since
p

2¢' +0 =¢. Then {2} + Up. C Up,, because

plr+y) <pa)+ply) <d+e<e VyecUp .

So far, topology is just a name for the set 7, but:

Lemma 1.1.9.
T s a proper topology on X.

Proof 1.1.10.
i) 0 € 7 and X € 7 are immediate.

ii) Let 01,09 € 7 and x € O; N Oy. Then there are U; € U with {z} + U; C O;.
By property (2) of U, there is an U C U; N Uy and {z} + U C O; N O,. Thus
01 N 02 cT.

iii) Let O; € 7 for i € I and x € J; O;. Then there is at least one j € I with
x € O;. But this means there is an U; € U with {z} +U; C O; C U; O;. Thus

]

Definition 1.1.11.
A vector space X with topology 7 is called topological vector space if the
addition and scalar multiplication are continuous w.r.t. 7.

As this definition suggests, we want to show that the locally convex topology promotes
X to a topological vector space.

Lemma 1.1.12.
In the locally convex topology T the maps:

i) X x X — X, (x,y) —> x+y

i) Kx X — X | (z,2) — 2x

are continuous for the product topologies of X x X and K x X.




4 Chapter 1 Functional analysis for C*-algebras

Proof 1.1.13.
i) For O € 7 it has to be shown that
O, ={(z,y) e X x X |z+yeO}

is open in the product topology.

Let (z,y) € O4. Choose U € U, such that U(z +y) C O and V € U, such
that V 4+ V C U (existence ensured by 3)). Then ({z}+V) x {y} +V) =
V(z) x V(y) C O4. Hence O, is open.

ii) For O € 7 it has to be shown that
Oy ={(\z) e Kx X | \x € O}

is open in the product topology.

Let (A\,z) € Oy. Choose U € U, such that U(Ax) € O and V € U as before.
Let € < 0, such that ex € V. Since the sets in U are circled, it holds that

(u—=NxeV  Vu |A—pl<e.
Choose W € U by properties 5) and 6), such that
pW Vo Vo pl <Al +e.
For |A — p| < e and w € W it follows that
pr(x+w)—Ax=(pu—-Nx+pweV+VcuU.
This shows that B.(\) - W (x) C U(A\x) and thus B.(\) x W(x) C O«. Hence

Oy is open. O

Owing to this lemma, we can define:

Definition 1.1.14.
A vector space X together with a locally convex topology 7 is called locally
convex space (X, 7).

For a locally convex space it can be shown that:

Lemma 1.1.15.
Let (z,T) be a locally convex space with topology generated by P then the following
claims are equivalent:

i) (X, 7) is a Hausdorff space.
it) For x # 0 there is a p € P with p(z) # 0.
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iti) There is a U-system such that (| U = {0}.

veud

1.2 Continuous functionals

As with Banach spaces, the discussion of locally convex spaces is proceeded by continuous
functionals on these spaces. Before we do so, we repeat a result of point set topology
connecting different definitions of continuity.

Lemma 1.2.1.
A function f: (X, 7) — (Y,n) is called continuous in x € X, if for every neigh-
borhood Vi of f(z) there is a neighborhood Vx of x, such that f(Vx) C Vy.

A function is continuous if and only if it is continuous for every x € X.

Proof 1.2.2.

The usual definition of continuous functions is, that f~1(Uy) € 7 for every Uy €
7. The obvious direction is, that a continuous function is continuous for every
x € X. This is because neighborhoods Vx can be restricted to open sets Uy by
definition. Hence, for every open set n > Uy > f(z), there is an open set, namely
73 f~Y(Uy) 3 z with f(f~'(Uy)) C Uy.

On the other hand let Uy > f(x) be an open set, i.e. a special neighborhood.
Then there is a neighborhood Vy of x, such that f(Vy) C Uy. Choose Ux to be
an associated open set around x with Uy C Vx. In fact, to avoid the axiom of
choice, we could define N as the set of neighborhoods Vx of x with f(Vx) C Uy
and O as the set of open sets Ux C Vx with x € Ux. Then

0.= U U Ux

VxeN UxeO

is an open set with z € O, and f(O,) C Uy, that does not require the axiom of
choice. The property f(O,) C Uy can be rewritten as O, C f~*(Uy), such that
we find

fﬁl(Uy) C U Oz - fﬁl(Uy)
zef~1(Uy)
= [ Uy)= |y 0, er.
zef~1(Uy)

]

The following lemma is the basis for a lot of proves concerning continuous functionals:

Lemma 1.2.3.
Let (X, 7) be a locally convex space with topology generated by P.
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a) For a semi norm q: X — [0,00) the following claims are equivalent:
i) q is continuous.
i) q is continuous in 0.
iit) {x € X | q(x) < 1} is a neighborhood of 0.

b) Allp € P are continuous.

c) A semi norm q is continuous if and only if there are M > 0 and F C P finite,
such that

q(z) < M - max p(zx) VeelX.
peF

Proof 1.2.4.
a) The direction i) = ii) is trivial and ii) = iii) immediate by continuity. It
remains to show that iii) = i).

Let y € X and € > 0 and choose U =¢ - {z | ¢(z) < 1} = {2z | ¢(z) < ¢}. Then
using the reverse triangle equation:

gy +2) —qy)| <qly+x—y) =q(x) <c

= q{y}+U)Cc{aeR]||la—qy)|<e}=V.

V' is a neighborhood of ¢(y) and {y} + U an open neighborhood of {y} with
q({z} +U) C V. Then, by lemma 1.2.1 ¢ is continuous.

b) By definition of the locally convex topology, for F' = {p} the set {xr € X |
p(z) < 1} is a neighborhood of 0. The rest follows from a).

c¢) By a), the semi norm ¢ is continuous if and only if V :={z € X | ¢(z) < 1} is
a neighborhood of 0. This is by definition equivalent to the existence of F' C P
finite and € > 0, such that Up. C V, which is equivalent to

1
<= .
q(x) < . rileafgcp(x) <1 VeeX

]

To highlight that the locally convex topology 7 is generated by a family P of semi
norms, we write 7p in the following.

Corollary 1.2.5.
Let (X, 7p) be a locally convex space an QQ D P be a super-family of semi norms
that are continuous w.r.t. Tp, then Tp = 71¢.
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Proof 1.2.6.

For ¢ € () to be continuous it has to hold that there are F, C P and M, > 0, such

that ¢(z) < M, - me}pxp(x) for all x € X, by lemma 1.2.3. Then for every finite
pElyq

subset G C ) we have M = max M,>0and F = |J F, C P finite (since G is
q qeG

finite), such that

q(x)SM-mEaI;{p(x) VeelX, qgedG.
P

This is leads to Up,e C Ug,. This is enough to show that, if O € 7, then also

O € 7p,ie 179 C Tp.
The opposite inclusion 7p C 7 follows immediately from Up C Uy. O

Theorem 1.2.7.
Let (X, 7p) and (Y, 7g) be locally convex spaces and T: X — 'Y linear, then the
following claims are equivalent:

i) T is continuous.
it) T is continuous in 0.

ii1) If q is a continuous semi norm on Y, then q o T is a continuous semi norm
on X.

iv) For all q € Q there are F C P finite and M > 0 such that

q(Tx) < M - max p(x) VezeX.
peEF

A direct corollary for Y = K with norm topology is

Corollary 1.2.8.

Let (X, 7p) be locally convex and K = R or K = C be locally convex by Q = {||- ||}
A linear map (: X — K is continuous, if and only if there are finitely many
D1y yPn € P and M > 0, such that

|0(x)| < M - max pi(z) VeeX.

..... n

Since locally convex spaces are especially topological vector spaces, the concept of
topological dual spaces exists without changes. To give the notation, we repeat the
definition.

Definition 1.2.9.

Let (X,7) be a locally convex space. The dual space X' is the space of
all continuous linear maps ¢: X — K. The set of continuous linear operator
(X,7) — (Y,n) is denoted by L(X,Y).

/

To highlight the dependence of the topology, one can write it as subscript, i.e. (X,)
and L(X,,Y,).
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Theorem 1.2.10 (Hahn-Banach theorem).
Let X be a locally convex space and U C X be a sub vector space with ¢ € U'.
Then there exists an L € X' with L|y = (.

1.3 Weak topologies

To define weak topologies in general, the concept of a dual pair of vector spaces is
needed.

Definition 1.3.1.
Let X and Y be vector spaces and (-,-): X x Y — K be a K-bilinar map. The
pair (X,Y, (-,-)) is called dual pair, if

Vee X\{0}JyeY: (z,y) #0,

VyeY\{0} I3zeY: (z,y) #0.

The terminology of dual arises as follows. The map = — ¢, = (z,-) is linear by linearity
of (-,-). Thus it is a map £: X — Y™* where Y* denotes the algebraic dual space of Y.
Furthermore, the map ¢ is injective, since for x # 2, it holds that x — 2’ # 0 and

by — Ly ={x,)y— (/) =(x—2',-)#0
since by definition of dual pairs, there is a y € Y with (x — 2/, y) # 0. Thus £: X — Y*
is an injection. The same argument also holds for Y and X* with the map y — (-, y).
We have purposefully avoided speaking about the topology of X and Y, although

the first section was about local convex topologies. This was done, to define a special
locally convex topology on dual pairs.

Definition 1.3.2.

Let (X,Y) be a dual pair and P = {p, | y € Y} be the family of semi norms,
defined by p,(z) = [(x,y)|. The locally convex topology 7, on X, induced by P,
is called o (X, Y)-topology. Similarly one defines the o(Y, X)-topology.

Remark 1.3.3.
By lemma 1.1.15, the o(X,Y") topology is always Hausdorff.

In the special case of o(X, X*) one speaks about the weak topology and in the case
of o(X*, X) one speaks about the weak-*-topology, not to be confused with the weak
topology o(X*, X**) of X*.

Lemma 1.3.4.
Let X be a vector space, and l;: X — K be linear functionals for i =1,... n.
Define N = {x € X | {;(z) =0V i}, then the following claims are equivalent:

i) L€ spang(Cy,...,0).
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it) There is M > 0, such that

|0(x)| < M - max li(x) Ve e X .

..... n

iii) L(x) =0 for allx € N.

Proof 1.3.5.

The implications i) = ii) = iii) are immediate. It remains to show that iii) = 1i).
Define V' == {(¢1(z),...,ly(x) | x € X} C K". Then there is a linear map

®: V — K, defined by ¢;(x) — ¢(x). Indeed, property iii) assures that ®(0) = 0,

such that the map is well defined. From linear algebra, we know that there is an

extension ®: K” — K, that has the form ®(¢) = 37, a;&; for a; € K. Thus:

l(x) = Zai&-(x)
i=1
= €:Zai€i & Cespang(ly,...,0,) .
i=1

This lemma, though seeming to be applicable to finite dimensions only on first sight,
reveals a general property of dual spaces. This property is a direct corollary:

Corollary 1.3.6.
A functional on X is o(X,Y)-continuous, if and only if it is of the form x +— (z,y).

Hence (Xqoxv)) =Y. O
Proof 1.3.7.

By corollary 1.2.8 a functional ¢ is continuous, if and only if there are py,...,p, € P,
such that

|0(x)| < M - max pi(z) VeeX.

However, observing that the semi norms are continuous linear functionals, lemma
1.3.4 can be applied, such that £ = 37, a;p; for a; € K. Since the o(X,Y")-topology
is induced by P = {p, | y € Y}, the claim follows. O

Theorem 1.3.8.

The weak topology o(X,Y) is initial w.r.t. Y, i.e. if T is a topological space the

[T — Xoxy) is continuous, if and only if all compositions
yof:T-2s X %C  with yev

are continuous. Furthermore, the weak topology o(X,Y") is the coarsest topology
of X, such that y € Y are continuous.
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Proof 1.3.9.

By corollary 1.3.6 it follows that for continuous f the composition yo f is continuous,
since y is a continuous functional. For the opposite direction, assume f oy to be
continuous for all y € Y, then it has to be shown that f is continuous. By lemma
1.2.1 this can be done pointwise. Let ¢t € T and U € U, then we need to show that
there is a neighborhood W of ¢, such that

fw)ycr+u.
(E we may choose
U={zeX|[{zy)|<e,i=1,...,n}.

By assumption y; o f is continuous. Because of corollary 1.3.6 this means, that the
map t — (f(t),y;) is continuous. In terms of continuity in ¢, this shows, that there
are neighborhoods W; of ¢, such that

[(F@) = f(),widl = [(f(8),90) — (fs)wi)| <& VseW;.

Then, choosing W = Ni_; W; it follows that f(W) C f(t) + U.

The last property follows from choosing T" = X, where 7 is a topology in which
all y € Y are continuous. Then, considering the identity Id: X; — X, (xy) it
follows that Id is continuous, if and only if Id o y = y is continuous. But this is
the assumption of 7. Hence, Id is continuous, such that every open set Ox w.r.t.
o(X,Y) is open in 7, since Id "' (Ox) = Ox is open. O

Theorem 1.3.10 (Banach-Alaoglu theorem).
Let X be a Banach space. Then the closed unit ball B;(0) C X' is compact in
the weak-x-topology.

Since any closed subset of a compact set is itself compact and also a finite union of
compact sets is compact, there do exist different versions of the Banach-Alaoglu theorem.
Furthermore, the concept of relatively compact sets, i.e. bounded sets, whose closure
is compact, allows for the following corollary:

Corollary 1.3.11.
Let X be a Banach space and U C B1(0) C X'. Then U is relatively compact in
the weak-x-topology.

1.4 Banach algebras

We recall, that an associative Algebra is a vector space together with a bilinear operation
o that is associative, but need not have an inverse or unit element. Most of the time
one simply writes ab instead of a o b
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Definition 1.4.1.

Let A be an associative algebra over C and || - || be a norm from the vector space
structure. (A, || -||) is called Banach algebra, if it is complete w.r.t. the norm
and

labll < llall - Holl, YV abeA.

A an element 1 is called unit element, if
VacAral=1a=a  and lll=1.

An algebra with unit element is called unital.

Remark 1.4.2.
The condition [|ab|| < ||a||-||b|| makes the product continuous in the norm topology.

1.4.1 Spectrum of a Banach algebra
Most of this subsection closely follows [AllL7, p. 6-9].

Definition 1.4.3.
Let A be a unital algebra. The spectrum of a € A is defined by

oa(a) ={z€C|z-1—acan’t be inverted in A} C C.
The spectral radius is defined as

pa = suploa(a)l .

From this definition follows a corollary about the spectrum of products:

Corollary 1.4.4.
Let A be a unital Banach algebra and a,b € A, then

ga(ab) \ {0} = ga(ba) \ {0} .

Proof 1.4.5.
Choose A € C\ o (ab) such that A # 0. Then A\1—a is invertible. Let ¢ = (A\1—a)~L.

Since
c(AL —ab) =Ac—cab= X c—abc=(A\1—a)=c¢

= cab = abc
it holds that:

(1 + bca)(A1 — ba) = A1 — Aba + Abca — beaba
= AL — Aba + Abca — babca
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= (A1 — ba)(1 + bca) .
Furthermore

(14 bea)(A1 — ba) = A1 — Aba + Abca — beaba
= A1 — Aba + Abca — babca
= A1 — Aba + be(AL — ab)a
= A1 — \ba + b(A\1 — ab) ' (A1 — ab)a
= A1 —ba+ba=A1.

Thus (A1 — ba) is invertible, hence C \ o4(ba) 3 A € C\ oa(ba). This shows that
aa(ab) \ {0} = 0.a(ba) \ {0}. 0

For the prove of the next lemma we need Liouville’s theorem from complex analysis,
stating that:

A function f: C — C, holomorphic on C (also called entire function), such that there
is an M € R so that || f(2)|| < M for all z € C, then f is constant.

Remark 1.4.6.
Also, we will consider complex analysis on Banach algebras. Most properties
from complex analysis carry over without or with minor changes. As example we

consider the series
= 1 1 & fa\"
Sa = (1)
n=0 Zn:O <

under the assumption that z - 1 — a is invertible. Using the continuity of the norm
and the Banach algebra property, we find:

[e'e) [e's) [e'e) ’Z‘ —n—1
S a1 < S lall e = ol S () .
n=0 n=0 n=0 ”CLH

Hence, by the geometric series, the series 3°0°  a"2~""! converges absolutely, for

all |z| > ||al|. Although a well know result from analysis, we take an extra step for
the geometric series formula, to verify the applicability in the context of Banach
algebras. Let Sy = z- 2N a”z7""!, then:

N+1
SN—aSN:SN(l—a):1—<a)
V4 z

z

=2

a\ N+l —o0
= SN:z-l—(> (zo1—a)' "z (z-1—-a)!
z

= f(z) =) a"z"! = iSOO =(z-1—a)!
n=0

is a holomorphic function for |z| > ||a||, as it has an absolute convergent power
series .
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Lemma 1.4.7.
Let A be a unital Banach algebra (or a not necessarily unital C*-algebra). Then
oa(a) # 0 and o4(a) is compact for all a € A. Also, the function

RG;C\JA(a)r—)A, z»—>(z-1—a)_1,

called resolvent is holomorphic. Furthermore it holds that ps(a) < ||a|.

Proof 1.4.8.

As we have seen in remark 1.4.6, the function R,(z) = (2 -1 —a)~! is holomorphic

for |z| > ||al|. But then, o4(a) C Bjq(0) and it follows that pa(a) < ||al|.
Assume now that o4(a) = 0, then R, is an entire function. It holds that

1 ey
2] = [|all

[Ra() < D llal™]z[ ™ =
n=0

= R,(z) — 0, |z —>o00.

But since R, is an entire function, Liouville’s theorem states that R, is identical 0,
which is obviously a contradiction. Hence o 4(a) # ().

Since compactness equals closed and bounded (Heine Borel theorem in C) we
only need to show that o4(a) is closed. Choose zy & 04(a), such that zp -1 —a is
invertible. For z € C with

1
I(z0 - 1 = a) =]

|z — 20| <

the series
o o
dD(zo-1—a) " z—2)"=(20-1—a Z z2—20)(20-1—a))"
n=0

converges absolutely against (z —a)~!. This can be verified with the same methods
as in remark 1.4.6. But this means, that for any z; € C\ 04(a) the function R, is
holomorphic in a neighborhood around zy. Put differently C/o4(a) is open and by
definition o 4(a) the closed. O

Following [Con97, VII, 5.4 Theorem|, we can show, how the spectra of Banach subalge-
bras relate to the original Banach algebra.

Theorem 1.4.9.
Let A, B be unital Banach algebras with B C A, such that 1 € A and 1 € B, then

oa(a) C op(a) and  Oop(a) C doa(a) .
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Proof 1.4.10.

The first inclusion follows by definition. For the second inclusion, let A € dog(a).
By the previous inclusion, it also holds into4(a) C intog(a), where intX denotes
the interior of a set X. Thus, if A € o4(a) it follows that A\ € doa(a).

Assume A & 04(a). This means (A1 —a)~! € B. Since A € dog(a), there is a
sequence (\,) with A\, — XA and A\, € C\ og(a). Thus (A\,1 —a)~! exists in B
and hence also in A. From )\, — X it follows that \,1 — a — A1 — a, but then
(Ar—a)™' = (A1 —a)"!. So (AL —a)~! € B by completeness of B. However, this
contradicts A € op(a). O

Lemma 1.4.11.
Let p € C[z] be a polynomial of the variable z with coefficients in C and a € A,
then it holds that

oa(p(a)) = ploa(a)) .

Proof 1.4.12.
Let w € C' and consider w — p(z). Since this again is polynomial, it has roots z;,

such that
w-p(z) =]z~ %) .
J
Put differently, the z; are solutions of p(z) = w, such that
{z1,...,2,} = p ' (w). Passing to a polynomial with variables in A, we obtain

w-e—pla) =[J(a—z-1).

J

Then, w - 1 — p(a) is not invertible, i.e. woa(p(a)) , if there is any z;, for which
a — zj - 1 is not invertible. The existence of such an z; € p~!(w) means

zj €oala) and z; € p (W) & oala)NpH(w)#£0.

This means, that w = p(z;) € p(oa(a)). O

Corollary 1.4.13.
It holds that

. B
pa(@) = lim [l

Proof 1.4.14.
From lemma 1.4.7 we know that R,(z) is holomorphic for |z| > p4(a). Furthermore,
the power series of R, converges absolutely for |z| > pa(a), as we have seen in
remark 1.4.6. As a consequence of the absolute convergence of the series, it holds
that

lim [|a"||r™" ' =0 V7> pala).

n—o0
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Using ! instead of z (up to a factor of z), the power series Y02 [la"||z" has the

radius of convergence R > p%(a). By the Cauchy-Hadamard theorem this means:

1
pala) > - = limsup [la"+ .
n—oo

Also from lemma 1.4.7 it follows that o 4(a) is non-empty and compact. Thus there
is a z € 04(a) such that |z| = pa(a). By lemma 1.4.11 it holds that 2™ € o4(a").
Using lemma 1.4.7 again, i.e. pa(a) < ||a||, we find [2"| = [|a"|| and thus

1 1
pa(a) = 2" < [la”[|> .
But since n has not been specified,

pala) < liminf ||a||7 .

n—oo

Together with pa(a) > limsup ||a”||=, the claim follows. O
n—oo

There is a last result concerning spectra of Banach algebras from [Werll1] that we need,
in order to investigate maximal spectra and Gelfand spaces.

Theorem 1.4.15 (Gelfand-Mazur theorem).
A wunital Banach algebra, where every non-zero element is invertible, is one
dimensional and commutative, i.e. A =C- 1.

Proof 1.4.16 ([Werll, p. 479]).

Let a € A and choose A € g4(a), which is possible since o 4(a) # () by lemma 1.4.7.
By definition, A - 1 — a is not invertible. By assumption, it has to hold then, that
A-1—a=0, hence a = \-1. O

1.4.2 Maximal spectrum

This subsection follows [Werll, chapter 1X.2]

An algebra homomorphism is a linear map between algebras, that are also a homo-
morphism w.r.t. the multiplication. A special kind of algebra homomorphisms are
functionals ¢: A — C, since C carries a natural algebra structure as field.

Lemma 1.4.17.
Let A be a Banach algebra, then every algebra homomorphism ¢: A — C is
continuous and ||| < 1. If A is unital, it holds that ||| = 1 or ||| = 0.

Proof 1.4.18.
Assume 1 < ||¢]] < oo and assume ¢ # 0, since ||0]] = 0 is trivial. This means, that
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there for x € A with ¢(x) = 1, it holds that ||z| < 1. This can always be achieved
by taking z = ﬁ - xy. Considering y =z + yz, e.g. y = >_>2 ,x" it follows that

Zo

e(y) = o(@) + p(z)ply) =1+ 0(y) ,

which is a contradiction. Thus ||¢|| < 1. By theorem 1.2.7 (iv) this shows that ¢
is continuous, using the norm topology 7p for P = {|| - [|}.
In case of unital Banach algebras it follows that (for ¢ # 0):

1= o(r) = p(r) = p(1)p(r) = p(1) .

Thus from |p(1)] = 1 and [[1]| = 1 it follows that ||¢|| > 1 by the supremum
definition. Together with [|¢|| < 1 from the general case, it follows that ||| = 1. O

For the next lemma, we make the observation, that an associative algebra has a
ring structure with additional scalar multiplication from the vector space (alternative
definition).

Definition 1.4.19.
A subspace of a an algebra A is called (two sided) ideal, if

i) (I,4) is a proper sub group ,
ii) zoa, acx el VaxeAacl.

The ideal is called proper if I # A. An ideal [ is called maximal, if it is proper
and fro every ideal J with I C J it follows that J = A.

For properties of ideals in Banach algebras we need the Neumann series.

Theorem 1.4.20 (Neumann series).
Let A be a unital Banach algebra. If ||a|| < 1, then 1 — a is invertible and

0

where a° = 1.

Proof 1.4.21 (From [Werll, Satz I1.1.11]).
Define S,,, = >nt,a”. Then it holds that (see remark 1.4.7 for a slightly more
general version)

(1—a)Sy, = Sm(1—a)=1—a™"".

Since |la|]| < 1, the series converges absolutely. By continuity of the product in
Banach algebras, we find

. . _ m+1\ . - o o .
1= fim = a™) = lim (0= )5, = (1= a) lim S
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:(l—a)i)&n,

and also . .
1:<Za”>(1—a) = 1—a)"'=> a".
n=0 n=0

Corollary 1.4.22.
Let A* denote the set of invertible elements of A and let x € A*. Then, for all

h € A with ||h|| < m it holds that x +h € A*. Thus A* is open w.r.t. the norm
topology.

Proof 1.4.23.

Rewriting x + h yields
v+h=x(e+a'h).

By theorem 1.4.20 e + 2~ 'h is inverible, because

_ . |
(el e R RS T

Hence, as a product of two invertible elements x + h is invertible. O

Lemma 1.4.24.
Let A be a Banach algebra, then it holds that:

i) The closure of an ideal is again an ideal.

it) The quotient A/1 for a closed ideal I is again a Banach algebra with the
quotient norm’, where [a[b] = [ab]. If A is commutative, so is 4/1.

For the following let A be unital, too:
iti) A proper ideal is not dense in A.
i) Mazimal ideals are closed.

v) If I is a proper ideal, then 4/1 is unital.

vi) If I is a mazximal ideal and A commutative, then A/t is one dimensional.

!The closedness of I is necessary for the quotient norm to be a proper norm:

lallayr = lla + 1| = inf{fla — z[| [ z € I} .
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Proof 1.4.25.

i) Let a € T and y € A. There is a sequence (z,) with x, € I and z, — =.
By continuity of the product in Banach algebras it follows from z,y € I and
yx, € I, that xy € I and yx € [.

ii) By definition a € [b], if a +x = b for € I. The rest are direct calculations.

iii) Assume I to be a proper ideal with I = A. Then there is a sequence a,, € I,
such that a,, — 1. Being a proper ideal means that 1&1. However, there is
an m € N with |e — a,,|| < 1 by definition of convergence. Rewriting the
Neumann series from theorem 1.4.20, choosing 1 — a,,, with |le — a,,|| < 1
instead of a shows that a,, is invertible. The inverse a;' € A need not be
in I, but a,,a,,' = 1 € I is by definition of ideals a necessity. Yet this is a
contradiction. Thus, a proper ideal is not dense in A.

iv) This is a combination of i) and iii) and the definition of maximal ideals, i.e.
I C 1 yields I = A.

v) The unit of 4/1 is given by [1] # [0].

vi) From ii), iv) and v) it follows that 4/r is a unital commutative Banach algebra.
Using the Gelfand-Mauzer theorem 1.4.15, it is enough to show that

vV [z] € 41 3 a] € 41 [2]ly] = [va] = [2] -

This holds true, if one finds a € A for all [z] € 4/1, such that [za] = [1]. For
[z] € 4/1 define

Je={ra+blac Abel}CA.
This set is well defined and does not depend on the representative of [x], since
(x4 c)a+b=xa+ (ca+b) with (ca+0b) € I. It can be checked that .J, is an
ideal (here commutativity is used). Also, I C J, (choose a = 0 and a = 1 with

b = 0), but by assumption [ is maximal, hence J, = A. This means, there are
a € Aand b e I, such that xza+ b =1, i.e. [za] = [1].

]

Definition 1.4.26.
Let A be a Banach algebra, then

Fy={p: A— C| ¢ #0and ¢ is an algebra homomorphism}

is called the maximal spectrum of A.
The map I': a — I'(a) defined by I'(a)(p) = ¢(a) for a € A and ¢ € I' is called
Gelfand transformation.

By lemma 1.4.17, elements of I"4 are continuous, such that I'y C A’. Hence I'4 can be
equipped with the subspace weak-*-topology o(A’, A). We call (I'y,0(A’, A)) Gelfand
space and write I'4 for short.
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Theorem 1.4.27.

i) The Gelfand space ' is a relative compact Hausdorff space and I'(a) €
C(Ty), i.e. T A— C(T4). If A is unital, then T4 is compact and I'(a) €
Co(T4).

ii) Let A be commutative and unital, then I C A is a mazimal ideal, if and only
if I = Ker(p) fora p € T4.

Remark 1.4.28.

The space C'(X) denotes the space of continuous functions on X. For a locally
compact Hausdorff space, Cy(X) is the space of all continuous functions f: X — C,
such that for all € > 0 the set {z € X | |f(z)| > ¢} is compact (see [Con97, 1.7
Proposition]). In case of compact spaces this is always the case for f € C(X).

A subset A C X of a topological space X is relatively compact, if A is compact
in X. A topological space X is locally compact if for every = € X there are a
compact set K C X and an open set U C X, such that x C U C K. A relative
compact set is locally compact in the subspace topology.

Proof 1.4.29.

i) By lemma 1.4.17 it holds that I'y C B;(0) C A’. Hence by the Banach-
Alaoglu theorem 1.3.10, I'4 is relatively compact in the weak-*-topology. Also
by lemma 1.1.15, every space with weak-x-topology is Hausdorff. Observing,
that the map a — I'(a) is but a restriction of a — (-, a), the continuity of I'(a)
follows from corollary 1.3.6. Since the zero map is excluded from I'4 one can
consider the one-point compactification I'y == I'4 U {0} with topology

T={UCT4|Uisopen}U{l'4\ K| K C T4 iscompact} .

The map (-,a) = f, is continuous on A’ D I'4 and hence continuous in 0 by
lemma 1.2.1. Furthermore, f,(0) = (0,a) = 0. Being continuous in 0 on the
locally compact space means f, !(B.(f,(0))) is open in I"4. Put differently:

Ve>0dK CI'y compact :

[fa(@) = faO)] = |fa(x) <& VeeTs\K.
This shows that {x € 'y | |fa(x)| > €} is compact. Hence f,|r, = I'(a) €
Co(Ta).

Assume now A to be unital. We only need to show that I'4 is closed in the
weak-+-topology, following [Con97, proof of Thmeorem VII 8.6.]. Assume
¢ € B1(0) C A" and let (¢,) be a sequence in I'4 such that ¢, — ¢ in the
weak-*-topology. Then, for a,b € A:

p(ab) = lim @, (ab) = lim @, (a)en(b) = ¢(a)p(b)

and (1) = lim ¢,(1) =1.

n—oo
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Thus ¢ is an algebra homomorphism with ||¢|| = 1 and hence ¢ € T'4, which
shows that I'4 is closed.

ii) Let I be a maximal ideal of A. Then by lemma 1.4.24, property vi), it holds
that 4/r = C. Building the quotient is a homomorphism 7;: A — C, and its
kernel is I. Thus every maximal ideal is a kernel of ¢ = 7y € T'4.

The opposite direction follows from the fundamental theorem of homomor-
phisms for rings. I.e. Ker(y) is an ideal and 4/ker(p) = Im(¢) C C. Hence
Ker(y) has codimension one, and thus is maximal.

O

1.5 Stone-Weierstrass theorem

In this section we want to state the Stone-Weierstrass theorem as given in [Con97,
Chapter V, section 8.

Definition 1.5.1.
Let A be a sub algebra of C'(X), then A is said to separate the points of X,
if for z,y € X with = # y there is a function f € A, such that f(z) # f(y).

As usual, we assume f to be complex valued, allowing to define f by f(x) = f(z).

Theorem 1.5.2 (Stone-Weierstrass theorem).
Let X be a compact Hausdorff space and A be a closed subalgebra of C(X) that
separates the points of X. If for f € A also f € A, then A = C(X).

There exists also a version of the Stone-Weierstrass theorem for C*-algebras (see [All17,
A.2]):

Theorem 1.5.3 (Stone-Weierstrass theorem for C*-algebras).
Let X be a compact Hausdorff space and A be a unital C*-subalgebra of C'(X)
that separates the points of X, then A = C(X).

A consequence of this theorem is:

Corollary 1.5.4.

Let X be a locally compact Hausdorff space and A C Cy(X) a C*-sub algebra. If
A separates the points of X and also for all x € X there is an f € A, such that
f(z) # 0, then it holds that A = Cy(X).




C*-Algebras

C*-algebras are special Banach algebras with an additional structure, the x-operator, an abstract

generalization of the concept of adjoint operators AT of Hilbert spaces. This chapter follows [All17,
chapter 1] very closely, with some additional statements from [Mur90] and [Con97].

2.1 Definition of C*-algebras

Definition 2.1.1.
An associative algebra A over C is called x-algebra, if there is a map x: A — A,
with the properties

(a+z.b)*:@*+§.b*’ (ab)*:b*a*, (a*)*za,

for all a,b € A,z € C. Such a map is called an antilinear anti-involution.

The concepts of x-algebra and Banach algebra can me mixed with further constrains to
obtain further algebras.

Definition 2.1.2.
A Banach algebra A that is also a x-algebra is called Banach *-algebra, if

la*[| =llall, Va€A.
A Banach algebra A that is also a %-algebra is called a C*-algebra if

la*all = llal*, VaecA.

The property to be a C* algebra is stronger than the property to be a Banach x-algebra.

Corollary 2.1.3.
Let A be a C*-algebra, then A is also a Banach x-algebra.

Proof 2.1.4.
Use that a C*-algebra is also a Banach algebra together with the defining property
to see that

lall* = lla*all < la”[| - llall = [lall < [la”]| -

Exchanging a with a* yields the opposite inequality, such that ||a|| = [|a*||. O
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As for general homomorphisms, we define a *-morphism to be a map ¢: A — B, such
that

¢(a”) = ¢(a)" .
As the notation suggests, an element a € A is called self adjoint, if a* = a. Additionally
we call an element normal, if a a* = a*a.

Corollary 2.1.5.
FEvery a € A can be written as sum a = b+ ic with self adjoint b, c € A.

Proof 2.1.6.

1 1
a= §(a+a*)—|—iz(a—a*) :

If A is also unital, then an element u € A is called unitary, if
vu =1=u"u.

Hence unitary elements are always normal, but not vice versa. By the anti-involutory
property, the unit element 1 is self adjoint, since

ao1*=((ao1M))* =(10a")" =(a")" =a.
Furthermore,
1> =[lror*| =z #0 = |i=1€eC.
A direct consequence for an unitary element is

lull* =fwul = It =1 = Jul=1.

Lemma 2.1.7.

Let A be an arbitrary C*-algebra, then there is a unital C*-algebra A, such that
A is an ideal of A, closed w.r.t. the norm topology of A. If A is not unital, then
it is a mazimal ideal, with codimension 1.’

Proof 2.1.8.
Let L£(A) denote the set the bounded endomorphisms, becoming an algebra by
pointwise addition/scalar multiplication and the composition of maps. Define the
map

m A— L(A), ar— m(a) =ao .

lecodim(A) = dim(A) — dim(A).
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This map is, by the bilinearity of o, an algebra homomorphism. Let a; # as we
observe that aj # a3, since

(0-a)*=0-a"=0 = 0=0"# (a1 —ay)" =aj —aj .
Assume now m(a;) = 7(ay), then
0=m(a1)b—m(az)b= (a1 —az)ob VbeA.
Yet, choosing b = (a; — ag)* # 0 leads to a contradiction:
16°Bll = [I(az — a2)b]l = [J0]] # [Ib]1” -

Thus the assumption was wrong and the map 7 is injective. A property of Banach
spaces is, that complete sub vector spaces are closed.”Hence 7(A) C L(A) is closed.
Furthermore:

()| = sup lim, [l7(a)b] = sup lim [ab]

< sup lim |la bl <lla
p lim al - 6] < Ja]

by the fact that a C*-algebra is a Banach algebra. Using that A is a C*-algebra,
which is Banach *-algebra, we find

lall* = lla*I* = [la o a”|| = [|w(a)a”|| < ||m(a)l| - la"]| = [[7(a)l| - [lall -

Hence ||7(a)|| = ||al|, i.e. 7 is an isometry.
Define A to be ~
A={n(a)+z2-1|a€ A zeC}.

The elements of A are bounded endomorphisms of A and the set A is closed under
the algebra operations. Hence A C L(A) is a sub algebra. Furthermore, since

m(b) o (m(a)+ 2z1) =7(boa)+ 2zm(b) =nm(boa+ z-b)

and (r(a) + z1) om(b) =m(aob+z-b),

it follows that 7(A) is an ideal of A. Depending if A is unital or not, it holds that
X/W(A) =0 or X/W(A) = C. In the latter case, where A is not unital, we also have
codim(m(A)) = 1. The Banach algebra A can be extended to a Banach *-algebra
by

(r(a) 4+ z1)" =7(a™) +Z1 .
Finally let € > 0. By the properties of the operator norm, there is a b € A with
||b]] < 1, such that:

I7(a) + 2L||* < e + [|(m(a) + 21)b]"
= e+ [[p"(m(a) + z1)"(n(a) + 21)b]

<efpll - (w(a”) +z1)(m(a) + 21)b|
<el|(m(a”) +Z1)(m(a) + 21)0]|
<el|(m(a”) +z1)(m(a) + 21)[| - [|0]]
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<el(mw(a”) +z1)(m(a) + 21)| -

Since £ was chosen arbitrarily, the C*-property holds for A. Since 7 is an injective
algebra homomorphism, it is an injection, such that we can understand m(A) as A
in A. n

2.2 Spectrum and maximal spectrum of
C*- algebras

The definitions of spectrum and spectral radius require a unit element. However in
case of C*-algebras, because of the inclusion A C A, the definition can be extended to
arbitrary C*-algebras.

Definition 2.2.1.
In case of a non-unital C*-algebra, one defines o4(a) = o;(a) and consequently
pa(a) = pz(a). For that reason one drops the index A.

This definition allows to carry over all results for the spectrum and the spectral radius
from unital Banach algebras to C*-algebras.

Corollary 2.2.2.
Let A be a C*-algebra and a € A normal, then p(a) = ||a|.

Proof 2.2.3.
Fist we consider a self adjoint a € A. Then

—n+1
1 — — _
L e o N { (R

_ Ha2n—1 ”2—n+1

1\ 2
2)

where self adjointness was used in the third step. Thus by corollary 1.4.13

=...=|a],

. nnl
pla) = lim || = [lall .

Then for a normal a we can use that a*a is self adjoint:

1
n

p(a)® < lla]]* = [la"a]

pla*a) = lim [|(a*a)”
= lim [|(a”)"a"(|= < lim [[(a")"(["|a"]

2The idea is, that the limit point of every convergent sequence is in the subspace U C X by
completeness. Suppose that © € X \ U. If there is no € > 0 such that B.(z) C X \ U, i.e. for all
e there is a point p. € U with ||p. — z|| < € we would have found a construction for a sequence
(pn) € U with lér_r: pn = 2. But then x would be an element of U as a limit point — contradiction.

Thus there is an € > 0 for every € X \ U such that B.(z) C X \U...



2.2 Spectrum and maximal spectrum of C*- algebras 25

1. ni+ 2
= lim [|(a*)"[|* lim [la"|* = p(a)
Hence
p(a)® = [lal)? = pla)=|a] .
O

By theorem 1.4.27 we know that I' is compact for a unital commutative C*-algebra.
Dropping the existence of a unit element, I"4 is relatively compact. In case of a
commutative C*-algebra, it can even be shown, that the Gelfand transformation is an
isometric *-isomorphism. Yet the following lemmas are needed for the proof:

Lemma 2.2.4.
Let A be a C*-algebra. If a € A is self adjoint, then o(a) C R. If A is unital and
u € A is unitary, then o(u) C U(1).

Proof 2.2.5.

Starting with the unital case first, let u € A be unitary and z € o(u). It holds that
for invertible y, such that yx = zy, the element x € A is not invertible, if and only
if yx is not invertible. This is equivalent to z invertible < yx invertibe). Then,

1 1 1 1

(—2zu)'=—-"u* = “wo(ze—u)=-—u"=(ze—u)o-u

z Z Z Z

Thus 27! € o(u™!) = o(u*). From corollary 2.2.2 we deduce:
2l < plu) = ull =1 = |z[=1,

that is, z € U(1). N
Let a € A be self adjoint, i.e. a* = a. In A it holds that
exp(ia) Z

1 _
—' c A.

Furthermore, exp(ia)* = exp(—ia) = exp(ia)~", such that exp(ia) is unitary in A.

Hence o(exp(ia)) C U(l) Let z € o(a) and assume z £ R, such that exp(iz) £ U(1),
i.e. exp(iz) £ o(exp(ia)). This means that p, = exp(iz) -1 —exp(ia) is invertible
in A. The sequence

N k
pnzl-z(zz

k=0

N k

S @) - pala)
k=0

converges against p.., which is invertible. By lemma 1.4.7, the set C \ o(exp(ia))

is open. Using the Neumann-series, one finds, that the set of invertible elements in

A is open in the norm topology. Thus, there has to be a finite N > 0, such that

pn is invertible. This yields:

pn(2) £ o(pn(a)) D olpn(a)) -
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Using lemma 1.4.11 and z € g4(a), we find

pn(a) € py(o(a)) = o(pn(a))

which is a contradiction, such that the assumption z & R was wrong. O

Lemma 2.2.6.
Let o € 'y, then there is a ¢ € T3, such that ¢|a = ¢, defined by linear extension
with p(1) = 1. Also this extenszon is unique.

Proof 2.2.7.
Let ¢ act on 7(A), where m: A — L(A) by ¢(7(a)) = a. Define ¢ € I'; by

p(m(a) +21) = pla) + =z .

Setting z = 0 shows that ¢|4 = ¢. It remains to show that ¢ is an algebra
homomorphism. Since 7 is an algebra homomorphism we find:

Per(m(ar) + z11)+ci(m(ar) + 211))
(m(cra1 + caa2) + (c121 + €222)1)

]
o(cra1 + c2a2) + 121 + 220
C1
C

(par) + 21) + ca(p(az) + 22)
19(m(ar) + 211) + cap(m(ag) + 221)

And from (7(a) + 21)(7(b) + wl) = w(ab + 2b 4+ wa) + zw1 it follows that:

o((m(a) + z1)(7(b) + wl)) = @(m(ab + zb + wa) + zwl)

= p(ab+ zb+ wa) + zw
= p(ab) + p(zb) + p(wa) + zw
= (p(a) + 2)(p(b) + w)
= p(r(a) + 21)@(7(b) + wl) .
For uniqueness assume y € I';, such that x|A = ¢. Since it is a homomorphism it
has to hold that x(1) = 1, but then xy = @. O
Remark 2.2.8.

In the last proof we would not have needed the explicit construction of the
unitalization, as the theorem would have worked as well with a + z1. However, it
does not hurt to see the fallback method in action.

I Theorem 2.2.9 (Gelfand-Naimark theorem).
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Let A be a commutative C*-algebra, then the Gelfand transformation
[ A— Go(Ta) , T(a)(y) = ¢(a)

is a x-isomorphism that is an isometry w.r.t. the supremum norm || - ||so-

Proof 2.2.10.

First we need to show that I' is a x-morphism. The algebra structure on Cy(I"4) is
defined point wise, i.e. (fg)(p) = f(p) - g(v). Since this defines a commutative
algebra, the * map is defined by f. Linearity and multiplicativity follow from the
fact that ¢ € I'4 is an algebra homomorphism:

[(z1a1 + 22a2) (@) = @(z101 + 29a2) = z1p(a1) + z20(az)
= z1l'(a1)(¢) + 22L'(a2) () ,

[(ab) () = plab) = ¢(a) - p(b) = T(a)(p) - T(0)(¢) -
The last thing to be checked for I' being a *-morphism is I'(a*) = I'(a)*.

thus o(a*) = ¢(a) needs to be proven.

Let ¢ € T’y and @ € A and use the extension ¢ from lemma 2.2.6 . Then
P(p(a)-1—a) =¢(a) -1 —¢(a) =0 and thus ¢(a) -1 —a € Ker(p). Since Ker(9)
is a maximal ideal (see theorem 1.4.27), v(a) -1 — a € Ker(¢) is not invertible
(otherwise 1 € Ker(p)). Hence ¢(a) € o(a). In the case of self adjoint a, i.e.
a = a*, lemma 2.2.4 proves that ¢(a) € R, such that

p(a”) = p(a) = p(a) .
For general a, we use corollary 2.1.5 to find:

p(a®) = p(b" —ic") = (b —ic) = p(b) —ip(c) = p(b) +ip(c)
= @(b+1ic) = p(a) .

This proves that I' is a *-morphism.
That T" is an isometry follows from corollary 2.2.2, since every element in a
commutative algebra is normal:

lall = pla) = sup{llz[| | z € o(a)} = sup{lp(a)| | ¢ € Ta}
= [IT(a) oo -

The image of I is a subset of Cy(I"4), i.e. T'(A) C Cy(I"4). Isometries map closed
sets to closed sets, such that I'(A) is closed in Cy(I"4). Furthermore, by definition
['(A) separates the points of 'y (and I' is injective). By theorem 1.5.2, this proves
surjectivity. L]
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Corollary 2.2.11.

It holds that p(a) = p(a®)

Proof 2.2.12.
This is also proven in the proof of theorem 2.2.9. [

Corollary 2.2.13.
Let A be a commutative C*-algebra, then o(a) = {¢(a) | ¢ € Ta}.

Proof 2.2.14.
In the proof of theorem 2.2.9, we have already seen that ¢(a) € o(a). For the
opposite direction we follow [Con97, proof of Thmeorem VII 8.6.].

Let z € o(a), i.e. 21 — a is not invertible. Then I = (21 — a)A is a proper ideal
(because of commutativity). Let M be a maximal ideal of A, such that I C M
(existence because of Zorn’s lemma). By theorem 1.4.27 ii), there is a ¢ € I';, such
that M = Ker(@). It follows that

0=¢(z1—-a)=2=¢lale) = z=9al0),

where @|4 is the restriction to A. But For the restriction to A it holds that
X=@la€ly ie Ixely: 2= x(a). O

2.3 Funtional calculus

To introduce the functional calculaus in C*-algebras we will also follow parts of [Con97,

VIII(2)].

Theorem 2.3.1.
Let A be a unital C*-algebra and B C A be a C*-subalgebra that also contains

the unit element. For a € B it holds that o4(a) = op(a).

The restrictions made in the theorem are only to simplify the notation in the proof. In
fact:

Corollary 2.3.2. B B
Since the spectrum for non-unital C*-algebras is defined with respect to A and B,

the previous theorem still holds, as long as 1 € B.

Proof 2.3.3.
As with theorem 1.4.9, the inclusion o4(a) C op(a) is immediate. For the opposite
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inclusion we define the C*-subalgebra C' = C*(a, 1) that is generated by a,1 € A.

It follows that C' C B C C and o4(a) C op(a) C oc(a).

Let a be self adjoint first. Then C' is commutative and by lemma 2.2.4 o¢(a) C R.

In the topology of C it holds that o¢(a) = doc(a) for that reason. From theorem
1.4.9 it follows that
oc(a) = doc(a) C doa(a) C oala) = op(a) Coala) .

For a general b we show that if b € C' is invertible in A it is also invertible
in C, leading to oc(b) C 04(b). So assume b~' € A, then (b*)™! € A. Also
(b*b)71b* = b~ 1(b*)71* = b, such that it suffices to show that (b*b)~! € C. Now,

b*b € C is self adjoint such that oc(b*b) C4 (b*b) from the previous reasoning.

Since (b*b)~! € A, it holds that 0 & 04(b*b) and thus 0 & o¢(b*b). But then b*b is
invertible in C', what we intended to show. O]

Lemma 2.3.4.
Let A be a C*-algebra and let B = C*(a) be the C*-subalgebra of A generated by
a. For every z € oa(a) there is a unique @, € I'y with ¢.(a) = z. The map

jioala) —Tx, Z >,

is a homeomorphism.

Proof 2.3.5.

1) The existence of ¢, is a consequence of theorem 2.3.1 and corollary 2.2.13.
Assume now ¢, x. € I'z with x.(a) = 2 = ¢.(a). Since B is generated by a,
a* and 1 and since ¢, and y, are Banach algebra homomorphisms, it follows
that x.(b) = ¢.(b) for all b € B. Hence . = ¢., proving the uniqueness. This
also shows injectivity.

2) Let ¢ € I'z and choose z := ¢(a). By corollary 2.2.13 it holds that z € o4.
By the uniqueness it holds that ¢ = ¢,, such that j(z) = ¢, = ¢, proving
surjectivity.

3) By bijectivity, the map j~': ¢ — p(a) = z exists. As restriction of the map

a > (-, a) this shows that 7! is continuous.

4) It remains to show that j is continuous. Let U C I'z be open, i.e. I'y\ U is

closed. Since B is unital, I'z is compact, and thus I'z \ U is also compact. Since

j 1 is continuous and hence maps compact sets to compact sets,

JIE\U) =i T\~ (U) = 0ala) \ j (V)

is compact. Furthermore, 04(a) is closed by the proof of lemma 1.4.7, such that

JHU) = 0ala) \ (0a(a) \ j (V)

is open. Hence j is continuous.
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Corollary 2.3.6.
For every z € ga(a) \ {0} there is a unique p, € I'g with ¢,(a) = z.

Proof 2.3.7.
Existence and uniqueness are shown exactly as before. O]

Corollary 2.3.8.
The spaces oa(a) \ {0} and I'p are homeomorphic by the restriction j|q ,(a)\{o}-

Proof 2.3.9.

Surjectiviy follows as before, except for z = 0, which is excluded. Let ¢ € I'g and
set z = p(a). If z =0, then ¢ =0, since B = C*(a), which is a contradiction to
Y € PB. ]

Lemma 2.3.10.
Let X and'Y be homeomorphic spaces, then C(X) = C(Y) and Co(X) = Cy(Y)
as C*-algebras.

Proof 2.3.11.

Let j: X — Y be a homeomorphism. Define the map j#: C(Y) — C(X) by
f +— fogj. The inverse (j#)~!is (7YH)#. It remains to show, that j# is a
*-morphism.

7 af +Bg) = (af +Bg)oj=a-(foj)+B-(g07) =aj”(f)+B57(q) ,
7 (fg) = (fg)oj = (foilgos) =5 (f)i*(9) .

7 (F)(x) = Fi () = f(i(2)) = fojlz) = j#(f)(x) .
For Cy(X) = Cy(Y'), we only need to check that j#(f) € Co(X) for f € Co(Y), i

{r e X ||f(j(x))] >¢e} is compact in X .
It holds that

Gy eY @l >e)={"W lyeY, Ify)|>e}
={r e X [|f(j(2))]>e}.

Since {y € Y | |f(y)| > e} is compact and j~! continuous,
{z e X ||f(j(x))] > e} is compact in X. O
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Lemma 2.3.12.
Let A be a C*-algebra and a € A normal. Let B = C*(a) be the C*-subalgebra
generated by a.Then the map

d,: B—> C(oa(a)), @u(b)(z) = p,(b)
s a *-isomorphism, that restricts to a x-isomorphism

B — Co(oa(a) \ {0}) -

Proof 2.3.13. o
Since a is normal, B = C*(a) and B = C*(a) are commutative. From theorem

2.3.1 it follows that oa == 03(a) = oz(a). Consider the following diagram:

B L C(I')

Clog(a)) = Cloa(a))

Since T is a *-isomorphism by theorem 2.2.9 and (j~!)# is a *-isomorphism by
lemma 2.3.4 and 2.3.10, all that is left to show is, that the diagram commutes.

[(57 0 ®a) (D) (102) = [ (@a(D))](102) = @u() (5 (0:))
= Do (b)(2) = ¢:(b) ,
L(b)(2) = 0:(b) = [(7 0 Da)(B))(p:) -

For the restriction, use again theorem 2.2.9, corollary 2.3.6, lemma 2.3.10 and
consider

B L C(I'g)

C(oa(a)\ {0})

Definition 2.3.14.
Let A be a C*-algebra and a € A normal. The functional calculus of a is
defined by ®.': C(04(a)) = C*(a,1). A common notation is

fla) =&, (f) .

The notation of the functional calculus will also be used for

Ot Coloa(a) \ {0}) — C*(a) .
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Remark 2.3.15.

It is possible for a non-unital C*-algebra to have a unital C*-sub algebra B, as
15b = b1 needs to hold only for b € B. An example for this is the unitalization
of a unital C*-algebra. Then 14 # 17 in general. This does not violate the
uniqueness of the unit element, as 1,4 is not a unit on the whole of A.

Thus, even for a non-unital C*-algebra the function f(z) = 1 can be in Cy(o(a)\0)
and correspond to f(a) = 1 where 1 = 1¢+(y).

Corollary 2.3.16.
Let a € A be normal, f € C(o(a)) and g € C(f(o(a))), then :

o(f(a)) = flo(a))  and  g(f(a)) = (g0 f)(a) .

Proof 2.3.17.
For this proof, we follow [Mur90, p. 43].

Let ¢ € I'c(q,1). We want to show that ¢(f(a)) = f(¢(a)) for all f € C(o(a)).
By lemma 2.3.4 there is a z € o(b) with ¢ = ¢, w.r.t. a. It follows that:

p:(f(a)) = Du(f(a))(2) = (2, " (f))(2) = f(2) = f(p:(a) -

But then by corollary 2.2.13:

o(f(a)) ={e(f(a) [ ¢ € Tc-@an} ={f(v(a)) | ¢ € Ter(an}
= f({ela) [ ¢ €Tce(an}) = flo(a)) .

It holds that C*(f(a),1) C C*(a,1) and thus g € C(f(c(a))) = C(c(f(a))). The
restriction obviously satisfies go|c*( f@)) € Tex(ra),n) for o € I'gs(q,1). Hence:

p((g o f)la)) = g(f(e(a))) = gle(f(a))) = ¢(9(f(a)))
= (90f)(a) =g(f(a)) .

Corollary 2.3.18.
Let A and B be C*-algebras and ¢: A — B be a x-morphism, then og(p(a)) C
oa(a) and for all f € C(oa(a)) it holds that:

Proof 2.3.19.
In the same way we could extend ¢ € 'y to ¢ € 'y, see lemma 2.2.6, we can
extend ¢ to ¢p: A — B. For ease of notation we identify ¢ and ¢ by ¢(1) = 1.
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Noticing that ¢(A) C B, it follows that og(¢(a)) C Cyay(¢(a)). Assume now
that z1a is invertible in A, then there is a ¢ € A such that

c(z1—a)=(21—a)c=1

= 9(0)(z1 = ¢(a)) = ¢(c)d(21 — a) = ¢(¢(21 — a)) = ¢(1)
1=...= (21— ¢(a))o(c) .

This means that (21 — ¢(a)) is invertible in ¢(a), such that
o5(9(a)) C Cyay(d(a)) C oala) .

This ensures that f is defied on og(¢(a)). As seen in the proof of corollary 2.3.16,
for all ¢ € I'c+(q,) it holds that f(¢(a)) = ¢(f(a)). Since p 0 ¢ € I'ex(g(a),1) it
follows that:

p(d(f(a))) = (pod)(f(a) = f((vo@)(a) = flep(d(a))) = ¢(f(4(a)))
= [(0(a)) = o(f(a)) -

We conclude this section with a useful result from [RLLOO, lemma 1.2.5]

Lemma 2.3.20.

Let K be a non-empty compact subset of R, and let f: K — C be a continuous
function. If Qg C A is the set of self adjoint elements of a C*-algebra A with
spectrum in K, then the induced map

f:Qx — A, ar— f(a)

1S continuous.

Proof 2.3.21.

Since multiplication is continuous for elements in A, polynomials induce continuous
maps p: A — A. A result of the Stone-Weierstrass theorem is, that for € > 0, there
exists a complex polynomial, such that

If(z)—p(z)| <= VzeK.

Wl M

Let 6 > 0, such that

la — ao|| < V a € Bs(ap) .

¢
3
With the sup-norm, it follows that

1f(e) =)l = [I(f = p) () = sup{|(f —p)(2)] | z € o(c) C K} < % ,

for all ¢ € Q. Thus with the triangle inequality, it holds that || f(a) — f(ao)|| < e
for all @ € Qx N Bsayg. O
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2.4 Positive elements

In lemma 2.2.4 it was shown, that o(a) C R for normal a. This will be used to define
positive elements.

Definition 2.4.1.
An element a € A is called positive if it is normal and o(a) C Rs(. For a subset
B C A, the set B denotes the set of positive elements in B.

It is common to write a > 0 for positive elements. In that sense one writes a > b, if
a—b>0 etc.

Lemma 2.4.2.
Let a € A be normal. Then a is self adjoint if and only if o(a) C R

Proof 2.4.3.
Since @, is a *-isomorphism, choose f € C'(o(a)) such that a* = f(a). Then:

f(2) = ®a(a”)(2) = p:(a”) = Pz(a) = p:(a) = Z.
On Ry D o(a) the function f restricts to Ids(,), such that a* = f(a) =
(I);l(lda(a)) = Q.
The opposite direction is lemma 2.2.4. O

Example 2.4.4.
Let a € A be a positive element. Consider the function f: Rsg — Rxq , f(r) = /T

and set )
ab = f(0) = Va .
By lemma 2.4.2, a is self adjoint. Furthermore let a® = g(a), then
9(z) = (I)a(GQ)Z = 902(a2) = (‘PZ(Q))Q =22,
and by corollary 2.3.16
(a2)? = g(f(a)) = (9o f)(a) = 1d(a) = a

since

Do(a)(z) = ¢:(a) = 2z =1d(2) .

Lemma 2.4.5.
Let a € A be self adjoint. Then ay = f(a) with f(z) = max(z,0) and a_ = g(a)
with g(z) = f(z) — Idg, such that

ay € Ay, a=ay—a_ and aya_ =0.
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Proof 2.4.6.
By corollary 2.3.16 o(a+) C Rso. By lemma 2.4.2 a4 are self adjoint, hence normal

and thus ay € A,. From f(z) — g(z) = Idg it follows that (see example 2.4.4)

ay —a_ = f(a) —g(a) =, (f) — . (g)
B, (f —g) = B, '(1ds) = a

Similarly from ara_ = ay(ay—a) = a® —asa, (f(2))*—f(z)-z =0and ®,*(0) = 0,
it follows that a,a_ = 0. O

Lemma 2.4.7.
Let a € A, then the following claims are equivalent:

i) a is a positive element.

it) Let Ay, C A denote the subsetset of self adjoint elements. Then 3 b € Ay,
such that a = b2.

i) a € Asq and ||t -1 —al| <t for allt > |al|.

) a € Asq and ||t -1 —a| <t for one t > |a]|.

Proof 2.4.8.

i) < i)
Being a positive element means that o(a) C Rso C R, hence a € A,
by lemma 2.4.2. From example 2.4.4 we know that b = az € A, and

b2 = (a2)? = a.
On the other hand, assume there is a b € A,,, such that a = b%. Since
b € A, it holds that o(a) C R and thus by corollary 2.3.16

o(a) = o(b*) = (0(b))” C R .
Finally since a = b?, a is self adjoint and thus normal.

i) = iii)
With ¢ -1 —a = f(a) it holds that

f(2) =@u(t-1—a)(z) =p.(t-1—a)=t—2z.
Let t > |la|]| = p(a) > 0. Using corollary 2.2.2 and 2.3.16 it follows that

[t-1—afl = p(t-1—a)=suplo(t-1—a)
— suplt — o(a)| = sup{]t — 2| | = € o(a))
=sup{t—|z|| z€0(a)} <t.
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iii) = iv)
This is obvious.

iv) = i)
Let z € o(a) C R and t > ||a|| such that ||t -1 — al| < t. It holds that
z—t€o(t1—a), since

(z—t)-1—(t-1—a)=z-1—a

is not invertible for z € o(a). Furthermore z < |z| < p(a) = ||a|| < ¢ such
that

(—omlimd < pt o) = ra-d <t
hence z > 0.

]

For the next theorem, we define the term convex cone. Let C' C V' be a subset of a K
vector space. (' is called convex cone, if

Ve,yeC Va,feRyy: ar+pyecC.

Theorem 2.4.9.

The set Ay is a closed conver cone in Ag,. It holds that a > 0 if and only if there
is b € A, such that a = b*b.

Proof 2.4.10.
Corresponding to f(z) = a- z for « € Ryq is f(a) = a - a. By corollary 2.3.16 it
holds that aa € Ay if a € A,. To see that A, is a convex cone, it remains to show

that a+b e Ay fora,b € Ay. Let a,b € Ay, s> |la| and t > ||b]|, then by lemma
2.4.7:

l(s+t)—(a+b)] <|ls—a|+|t—-0b]| <s+t = at+be Ay .

It can be shown that Ay, by continuity of the map *x: A — A. Let (ax) be a
sequence in Ay with ap — a € Ag,. Take t > sup |Jag||, then t > ||a]| and
k

|t1 —al|| = lm |[t1 —ai| <t
k—o0

such that a € A,.
If a > 0,ie. a € Ay, then it holds that there is b € A,, C A such that
a = b? = b*b, by lemma, 2.4.7. For the opposite direction assume a = b*b for b € A.

Then a € A,,. By lemma 2.4.5 it holds that a = a, — a_. With lemma 2.4.7 it
follows that:

1 1 11 11
(ba?)*(ba?) = a?b*ba? = a’aa?

1 1
=a2(ay —a_)a? = (a_aia_)% — (a_d®a_)?
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1
Using corollary 2.1.5 to define x,y € Ay, such that ba2 = x + iy it follows that
1 1 1 1 1 1
v=s <ba3 +az> and y = (baz _ azb> .
A lengthy calculation shows that
1 1
(ba2)(ba2) = 2> + > +ilvy —yz) = ... =2(a®* +b*) —a®* € A, ,

since A, is a convex cone. Thus o((ba?)(ba2)*) C Rxg, while o((ba2)*(ba?)) C
R<g. By corollary 1.4.4 it follows that:

o(—a?) U {0} = o((ba2)(ba?)) U {0} = {0} .

|

Since a_ is normal, so is —a? and form 0 = p(—a?) = ||a* || it also follows that
2

a_ = 0since 0 = ||a® || = ||a* a_|| = ||a_]||*. Hence a = a, € A,. O

Lemma 2.4.11. B
Let a € A be self adjoint, then in A it holds that a < ||a]|1.

Proof 2.4.12.
As in the proof (i) = iii) ) of lemma 2.4.7 consider ||a||]1 —a = f(a). Using
corollary 2.3.16 it follows that

o(llallr —a) = o(f(a)) = f(o(a)) = [la] — o(a) C Rz ,

since in general ||a|| > p(a) > z for all z € o(a). This shows that |la|]|l1 —a > 0,
which is by definition equivalent to a < ||a]|1. O

Corollary 2.4.13. N
Let a < b and © € A, then z*ax < z*bx. If a > 0, then b < ||b]| -1 in A and
lall < [j2]]-

Proof 2.4.14.
By definition of the expression a < b, the element b — a is positive. Theorem 2.4.9
shows that there is a ¢ € A, such that b — a = ¢*c. Hence:

r'br — x*ax = 2" (b — a)r = z*c*cx = (cx)*(cx) > 0
= zrar < bz .

Since b > 0 it is self adjoint and by lemma 2.4.11 b < ||b||1, such that a < b < |||

Assume now that a > 0. As in the proof ( iv) = i) ) of lemma 2.4.7 it holds that
|6]| —2z € o(||b||1—a) for z € o(a). From a < ||b]|1 it follows that o(||b][1—a) C R>q
and thus ||b|| — z > 0. Hence

16l = [lall = nf{[|b]] — 2 | 2 € o(a)} = 0.
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Corollary 2.4.15.
Let A be unital and a,b € A be invertible with 0 < a < b, then it holds that
0<blt<al

Proof 2.4.16.
From corollary 2.3.16 it immediately follows that b=! > 0. Using the last corollary
2.4.13 we find:
b 2ab™7 < bbb =1
and also since positive elements are self adjoint:

1
la2b=2 (| = || (a2b72) a2b72|* = [[b-2ab 2|2 < [2] = 1.

Furthermore since azb~'a? is self adjoint (for a and b are), it holds that azbtaz <
lazb~'az |1, such that:

Hence we have:

Remark 2.4.17.
In fact, even without 0 < a it holds that a <b = b~! <a7!, as long as a and b
are self adjoint.

Definition 2.4.18.

Let f: I — R be a continuous function on an interval I C R. Then f is called
operator monotone increasing, if f(a) < f(b) whenever a < b for normal
a,b € A with o(a)Uc(b) C I. In the same way one defines operator monotone
decreasing.

Example 2.4.19.
For v > consider the function

t _
fa:(—i,oo)—ﬂk, tr—>1+at:i(1—(1+at) H.

This function leads to f(a) = £(1 — (1 + aa)™):

ft) =2a(3(1 = (1 +0aa)))(t) = (5 (1 — (1 + aa)™))
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= 2(pe(1) = (pe(r —aa) ) = L(1 - (1 +at)).
It also holds that (1 — (1 + at)™!) = a(1 + ca) ™" as can be seen as follows.

F(t) = ®u(alr + aa))(t) = prlalr +aa)™") = pila)pi((1 + aa) ™)

. t
—t- (et a) ™ =

From o(a) C R and o(b) C R by definition of operator monotony and from lemma
2.4.2 it follows that a and b have to be self adjoint. Assume a < b, then by
corollary 2.4.15 (and its remark) it holds that b=! < a~!. Tt follows that:

a<b < b—a>0,

(1—a)—(1—-0)=b—a>0 & 1-b<1—-a
= (1—a) ' <(x-0b)"".

Also, for x <y since (14+y) — (1 +z) =y —x > 0 it follows that 1 +y < 1+ z,
such that:

fla)=1a-(14+a)™)<ia-(1+ab)™)=fb).

Thus the functions f, are operator monotone increasing.

With methods from analysis, the following properties of the functions f, can be shown:
i) fa(t) < min(t, ).

ii) li{% fa(t) = t uniformly for ¢ in compact subset of R.

ili) fo > fs for all o < g.

iv) fao fs3= farp on (—ﬁ,oo).

V) tlgcr)lo af(t) =1.

Theorem 2.4.20.
Let 0 < B <1, then f: Rsg — R, t +— t# is operator monotone increasing.

Proof 2.4.21.
Direct calculations show that

/Oo fala™P da=Ct°, C:= /00(1 +a) o’ da >0 .
0 0

Let 0 <a <bin A and € > 0. There are n,m > 1, such that with oy, = %” it
holds that

<e Vitelo[bf].

n m
t — —— Z Jou (t)O‘_B
Cm = k
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Since fo, (b) — fa,(a) > 0 and since A, is a convex cone by theorem 2.4.9, it holds
that

= 3 (Jor(b) = fou(@))ai” 2 0.
Since the functional calculus is an isometry, it also holds that
167 —a? —¢| < 2¢.
With corollary 2.4.13 b° — a”® — ¢ < ||b° — a® — ¢||1 we find
261 < |V —df —clp <V —d’ —c
and since A, is a convex cone,
v —al 421 = (b —d® —c+21)+c>0.

Since A, is closed (also by theorem 2.4.9) and ¢ was arbitrary, the claim follows.
O

2.5 Approximate units

Before we define approximate units we recall the basics of (topological) nets.

Definition 2.5.1.
A set A # () is called directed set, if there is a preorder relation <, i.e. < is
reflexive and transitive, such that for any two «, 8 € A there is an upper bound
u e A

a<p and S<p.

A net on a topological space X is a family (z))xea with z) € X and a directed
set A.

Recalling sequences, convergence of a net is defined as follows:

Definition 2.5.2.
A net (x))xen is called converging against z € X, i.e. lim z,, if for every

A—00
neighborhood U of = there is a Ay € A, such that z, € U for all A\g < .

With the help of nets we can define approximate units:

Definition 2.5.3.
A net (uj)rea in Ay, such that |Juy|| < 1 and uy < u, for all A < p is called
approximate unit, if for all a € A it holds that a = Alim auy.

— 00

For an approximate unit it follows that
(1 —wuy)al = ||la* (1 —uy)|| — 0 VaeA,

such that it also holds that a = lim wya.
A—00
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Remark 2.5.4 (Usage of 1 in non-unital C*-algebras).

There have been numerous instances so far, that we have not explicitly stated that
a C*-algebra is unital, but written 1. There are two reasons, why this was possible.
The first is, that we were interested in properties concerning the spectrum, in
which case one passes to the unitalized algebra anyway. The second case has just
happened. Since a — uy € A so is (1 — uy)a, although 1 is from the unitalization.

Remark 2.5.5 (approximate units and unitalization).

In the definition of approximate units, the convergence of the net is not demanded.

Only the limit }\m% auy is specified. Furthermore, an approximate unit of A is not
€

necessarily an approximate unit of ;1, since }\mﬁ m(A)1 need not converge, or put
€

differently, gmlr\l auy need not converge for a € A\ A.
(S

If however A is unital and 1 is its unit, then }\m& uy = 1.
€

Theorem 2.5.6.
FEvery C*-algebra has an approximate unit.

Proof 2.5.7.
Define the set
AN={re A, ||| <1}

with the preorder < from A,. The first thing to show is, that A is a directed
set. Let x,y € A. By corollary 2.3.16 one can see that a == x(1 —x)~! € A, and
b:=y(1—y)"' € A,. As preparation for the next step, we calculate:

1=1-r+z=00-2)+ 1 —-r)z(1—-2)"

& (1—x)t=14+z(r1—2)"
& 1=(1—-2)(1+z(r—2) !
& r=r(1-2)1+z@@—2)"H".

Consider the operator monotone increasing function f; from example 2.4.19 and
define z = fi(a+b). Since a < a + b we find

z> fila)=2(1—2) i +tax@a—-2) H =2

and in the same way z > f(b) = y. It remains to show that ||z|| < 1. Since z € A}
corollary 2.2.2 applies and with corollary 2.3.16 it follows that:

12 = p(2) = sup o (f(a + b))| = sup | f(o(a +b))]

1
= b = _ 1.
sup (0. + )] =sup 0.0 ) <
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Next we observe that by corollary 2.1.5 every element a € A can be written as
sum of self adjont elements a = x + iy. And by lemma 2.4.5 self adjoint elements
can be written as difference of positive elements:

a=x+1Yy =24 —T_ + 1Yy —1Y_ .

This means that A is the linear span of A, over C. Hence we need only show that
a= lim az for all a € A,. With corollary 2.3.16 we see’that x(1 — ) > 0 and

Adz—00

thus
0<zr(1—2)=z—2"=(1—2)— (1— 22+ 2%

& 1—-2)P=1-2r+2<1-1x.
For a € Ay we deduce (corollary 2.4.13):

la(x = 2)* = ll(a(x — 2))"a(x — 2)|| = [la(x — z)%al| < [a(x — 2)al| .

On the other hand af,(a) € A for the same reason as ||z|| < 1, as long as a > 0.
Then (z = afe(a)):

a(r —afy(a))a=a(1+aa) e <ata.

The last step can be seen by using f(t) = a™'t — t*(1 + at) = L =t to show that
0 <a'a—a(1+ aa)a. By lemma 2.4.15:

la(x — afala))all < o™l -

Let ¢ > 0 and o > e ?||al|. Choose xg = af,(a) and let = € A, such that z > x.
Form zy < x it follows that (using corollary 2.4.13):

o<z & a'rga=arpa <a*ra=axa

& 0<aza—arga = (a* — a,0a) — (a® — azxa)
s a’—aza=a(l—2)a < a® - axoa = a(1— x0)a
= la(x = z)a] < la(r = zo)all -
Now we can show that ||a(1 — z)|| < e for z > z;, showing
|la(1r — x)|| — 0 and thus a(1 — x) — 0:
1 1
la(x —2)|| <lla(x = z)al> < la(r — zo)al
la(x — afa(@)al* < a”=|lal:

< (e 2al) 2 la)z =< .

O

3f(x) < (1 — ) leads to f(t) = t(1 —¢). Since o(z(1 —z)) = f(o(x)), t € o(x) C [0,1) it follows
that o(z(1 — z)) C R>o.
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Corollary 2.5.8.
In the proof we have also shown that for x € Ay with ||| <1 it holds that

?—z=z(x—-1)>0.

Proof 2.5.9.
See footnote 3 . O]

Corollary 2.5.10.
Let A be a separable C*-algebra, i.c. there is a dense countable subset in A.

Then there is a countable approximate unit (uy)gen-

Proof 2.5.11 ([Mur90, 3.1.1 Remark]).
Let D = U {a;} with a; € A denote the dense subset and let (u)rea be the
jeN

approximate unit from theorem 2.5.6. Define F,, = {ay,...,a,}, then f; C ... C

F,c...and F=D = | F,, while F,, is finite for finite n. Let £ > 0, then there
neN
exist A\1,..., A\, € A, such that

laj(x —uy)|| <e for A > \; .

Choose A. € A, such that A\, > \; for all j =1,...,n. Then [ja(1 —u,)| < ¢ for
all a € F,, and all A > \.. If n is a positive integer and ¢ = % then there exists
An = Ae € A, such that ||a(x — u,,)|| for all a € F,,. Choosing the A, so that
An < Ay for all n, we obtain a sequence (uy)nen = (U, Jnen, such that

la(r —uy,)|| < Vaek,.

S|

Thus lim [la(1 —uy,)|| = 0 for all @ € F. This construction does not depend on

the order of elements in D, such that reordering is allowed. Let a € A be arbitrary
and (a,)nen be a sequence in F'| such that a = li_)m a,. This is possible since F' is
n—oo

dense in A. Then by the previous construction:

lan(a = )] < =

= Nan(x = un)ll = 0= a(x - ua)]| = lim [la(x —u,)] -

Lemma 2.5.12.
Let x*x < a. For all 0 < o < § there is a b € A such that ||b]| < laz=%|| and
x = ba”.
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Proof 2.5.13.
Define

NI

tl—a 1 -3 /1 -
=y (e (e

The sequence (g,,) is increasing an converges against g(t) = e = ﬂ%’a(t). By
Dini’s theorem it converges uniformly on the compact space [0, ||a||]. Consider the
sequence b, = l’(% + a)’%a%’a. With corollary 2.3.16, corollary 2.4.13 and since
0 < z*z < a by theorem 2.4.9 as well as d,,,,, € C*(a, 1) we find

b — bl = ||2dmna® = = [|a = dppa* tdpnaz

< ||z “dpmadmmaz |

= Hdmna = Hgm(a) - gn(a)
<l gm — gnll2 — 0,

1—a||2 ||2

that is, (b,) is a Cauchy sequence and thus convergent. Let b = nlg%o b,, then

18]l < sup [1b, | = sup laz™*(} + ) "22"2( + a) 2020 < [laz 7|

and also:

N|=

ba® = lim z(% ta) et =g .

n—oo

For the next corollary we define the absolute value on a C*-algebra.

Definition 2.5.14.
Let A be a C*-algebra and a € A, define the absolute value |a| = (a*a)2.

With this definition we find:

Corollary 2.5.15.
Leta € A and 0 < a < 1, then there is a u € A, such that a = ula|®.

Proof 2.5.16.
By definition it holds that a*a = |a|?. By lemma 2.5.12 there is a u € A such that

(B =%, such that 0 < 8 < 3):

=3
2

a=u(a*a)’ =u(a*a)? = u(|a]?)? = ulal® .
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2.6 Ideals and quotients

Definition 2.6.1.
A cone C' C A, is called hereditary, if from 0 < a < b and b € C' it follows that
aeC.

We have met the concept of convex cones already. A cone is less restrictive, demanding
that the subset C' C V of a vector space V satisfies

av e C VaeR,yveC.

Lemma 2.6.2.
Let L C A be a closed left ideal and define L, = LN A,. Then Ly is hereditary
and for all a € A it holds that a € L if and only if a*a € L.

Proof 2.6.3.

Let z € Aand b € L, such that z*x < b. By lemma 2.5.12 there is a ¢ € A such
that = ¢b®. Since b € L N A, it holds that b* = b, thus’C*(b) C L and also
b® € L by lemma 2.3.12. Then since L is a left ideal, x = cb® € L.

First we show now that L is a hereditary cone. That L is a cone follows from
the property to be a left ideal, since aa = (ae)a € L for a € L. Assume now that
0<a<bandbe L. By theorem 2.4.9 there is a z € A, such that a = x*z < b
and by the previous reasoning a € L, showing that L is hereditary.

The second claim has an easy direction. If a € L, then a*a € L, since L is a left
ideal. But by theorem 2.4.9 a*a € A, hence a*a € L, . For the opposite direction
let a*a € Ly. By theorem 2.4.9 a*a+y > 0 for y € L, and thus b:=a*a+y € Ly
with a*a < b. By the first paragraph it follows that a € L. O

Corollary 2.6.4.
Let J C A be a closed ideal, then it holds that J* = J.

Proof 2.6.5.
Positive elements are self adjoint by lemma 2.4.2. Hence (J*), = J, = (J.)*
From lemma 2.6.2 it follows that

acJ = dactJi=J) =acJ = aelJ.
[

This corollary also shows that J is a C*-sub algebra. For the next lemma we recall the
meaning of the quotient norm (see footnote 1 on page 17).

4For C*(b) to be a C*-algebra, the closure of the set of polynomials is taken, such that L needs to be
closed, so as to contain C*(b).
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Lemma 2.6.6.
Let J C A be a closed ideal and (uy)xen its approximate unit, then for all a € A
it holds that

Jallys = i fla = aws]

Proof 2.6.7.
Let € > 0 and b € J such that [[a — b|| < [|al|a;, + 5. Since 1 —uy < 1 it follows
that |1 — uy|| < ||1]| = 1 by corollary 2.4.13 and

lla — auy|| = [Ja — auy — b(1 — uy) + b(1 — wy)|
= [l(a = b)(x —ux) + b(x — wy)]
< [[(a=0)(x —u)[| + [[b(x — un) ||
< lla =bl[llx = uall + 1b(x — ur)|

£
< lla = bl + 1o = buall < llallaz, + 5 + b= bua]l -
Chose Ay € A, such that ||b — bu,|| < § for all A > A, then

lallazy = inf{lla =0l | b€ J} <lla —aus|| < laflay +¢ .

Theorem 2.6.8 (I. Segal).
Let J C A be a closed ideal, then 4/s with the quotient norm is a C*-algebra.

Proof 2.6.9.
By lemma 1.4.24, the quotient 4/s is a Banach algebra. From corollary 2.6.4 we
know that J* = J, such that * from A induces a well defined * on 4/s. It remains
to show the C*-property of the quotient norm.

Let a € A, then by lemma 2.6.6:

lall%/, = lim [la(x —wy)|* = lim [[(1 —w)a*a(r —wy)|| < ||| ,
A—00 A—00

since ||[1 — uy|| < 1, as was seen in the proof of lemma 2.6.6. O

Theorem 2.6.10.
Let ¢: A — B be a x-morphism between two C*-algebras, then ¢ is norm decreas-
mg:

l¢(a)lls < llalla -

If ¢ is also injective, then it also is an isometry.
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Proof 2.6.11.
By corollary 2.3.18 it holds that op(¢(a)) C oa(a). Assume now that a € A is self
adjoint, then with corollary 2.2.2 it follows that:

[o(a)ll = pB(d(a)) < pala) = laf| .

For an arbitrary a € A it follows that:

lo(a)] = lo(a*a)]|z < [la*allz = [lal| -

From this equation together with theorem 2.4.9 it is enough to show isometry for
positive elements. Let ¢ be injective and assume it to be no isometry on positive
elements. Then there is an a > 0, such that:

r= o)l <llal = s.

Let f € C([0,s]) with f([0,7]) =0 and f(s) = 1. By lemma 2.3.18 it follows that

Yet since ¢ is injective and a # 0 it holds that ¢(a) # 0. But since the functional
calculus is defined by an isomorphsism, f(b) # 0 for all b # 0, hence we have a
contradiction. Thus the assumption ||¢(a)|| < ||a|| was wrong.

It remains to show that ¢(A) is a C*-algebra. For this, we will follow [Mur90,
proof of theoerem 3.1.6]. The induced map 4/Ker(¢) — B is an injective *-morphism
and by the previous part of the proof an isometry, hence mapping complete spaces
to a complete image. Hence ¢(A) is a C*-algebra. O

Corollary 2.6.12.
Let ¢: A — B be a x-morphism, then ¢ is closed in the norm topology.

Proof 2.6.13.
First we consider the case of an injective ¢: A — B. From theorem 2.6.10 it
hollows that ¢ is an isometry. So it especially maps Cauchy-sequences onto Cauchy-
sequences. Hence it maps complete spaces to a complete image. But then the
limit a of the sequence (a,) is mapped to the limit b = ¢(a) of the sequence
(bn) = (¢(ay)). Since ¢(A) is complete, it follows that b € ¢(A). Thus, ¢ maps
closed sets onto closed sets. (In metric spaces, the closure contains all limit point
of sequences, i.e. the special cases of nets). This shows that injective *-morphism
are closed.

Now consider the case, where ¢ is not necessarily injectve. Then, because of the
fundamental theorem on homomorphisms/the universal property, 3! ¢: 4/Ker(g) —
B, such that the following diagram commutes:

47
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A 4 B

A/Ker(¢)

However, qg is injective and thus closed. Since ¢ and qg have the same image,
because of the commutativity of the diagram, it follows that ¢ is closed. O

Corollary 2.6.14.
Every x-morphism between C*-algebras is continuous in the norm topology.

Proof 2.6.15.
Let ¢: A — B be a x-morphism, then by theorem 2.6.10 it holds that ||¢(a)||p <
lalla. Let £ > 0 and choose § = ¢, then

la—bl|<e = [[®(a) = o) = ll¢(a—b)| <[la -0l <e,
for all a,b e A. O]

Corollary 2.6.16.
Let J C A be a closed ideal and B C A a C*-sub algebra, then B + J is a C*-sub

algebra and
(B+J)/5 = B/BnJ .

Proof 2.6.17.
Let m: A — 4/s be the canonical projection, i.e. a *-morphism. Then by theorem
2.6.10 is complete and thus closed and so is B + J = 7~ }(7(B)). Thus B + J is a
C*-sub algebra.

Consider the restriction ¢ = 7|y ;: B+ J — (B+J)/;. This map is a ringisomor-
phism and since ¢ is also a x-morphism the isomorphy holds in the C'x-algebra
sense. 0

2.7 Positive linear forms

Definition 2.7.1.
Let w: A — C be a linear functional. It is called positive, if w(A;) C Rxq. It is
called state if it satisfies furthermore:

lwll = {lw(a)] | la]l <1} =1

If w is a positive linear functional, then it follows that for all a € A:

w(a”) =w((ry +iyy —z- —dy)") =w(zy —iyy — o +iy-)
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w(@y) —iw(ys) — w(z-) +iw(y-)
w(zs) +w(ys) —w(r-) —iw(y-)

=w(@y +iys — 2 —iy-) =w(a) =w(a),

since x4 and yy4 are positive and w(xy) as well as w(y+) are real.

Corollary 2.7.2.
Let ¢ be a positive linear functional and a < b, then ¢p(a) < ¢(b).

Proof 2.7.3.
By definition b — a > 0. Since ¢ is positive it holds that ¢(b — a) > 0, such that:

0<¢(b—a)=¢0b)—¢la) < oa) <ob) .

Theorem 2.7.4.
Let ¢ be a positive linear functional, then the Cauchy-Schwarz inequality

[6(b"a)[* < ¢(a"a)p(b"D)

is satisfied for all a,b € A.

Proof 2.7.5.
Since a*a and b*b are positive, (E we can assume that ¢(b*a) # 0. Define z =
—tp(a*b)|p(b*a)|~! for t > 0. Then

0<¢((za+0b)*(za+10)) = |z]*¢(a*a) +Zp(a*b) + zp(b*a) + ¢(b*b)
= t*¢(a*a) — 2t|p(b*a)| + ¢(b*D)

& ool < ;(té(aa) + 2o(b°)

N —

Let now (a,) and (b,) be sequences in R such that a, — \/¢(a*a) and b, —
¢(b*b). Chose t,, = Z—Z, then

6(°a)] < Jim 2 (tub(a*a) + £6(7D) = /olara)o (D)

which is the desired result after squaring both sides. O

Lemma 2.7.6.
Positive linear functionals are continuous.
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Proof 2.7.7.
Let ¢ be positive and assume that ¢ is not bounded on

By ={aeA ||a] <1}.
Then there is an a;, € B, such that ¢(a) > 281 for all k € N. Then because of

theorem 2.4.9:

o0
a=>Y 2" B, .
k=0

For all n € N it holds that

IV

(iQ (k+1) ) iZ_(kH)qb(ak)

k=0 k=0
Z k+12k+1 len+1,
k=0 k=0

which is a contradiction to ¢(a) € R. This shows that ¢ is bounded on B,. Let a €
A with [|a|| < 1, then the standard decomposition a = z+iy = z, +iz, +y_ —iy_

| V

lzs]] < |zl < flalf <1 and lyell < lyll < flall <1,

as can be seen by using the explicit formula from corollary 2.1.5 for ||y|| < ||a|| as
well as ||z]| < ||a|| and using corollary 2.4.13 for ||z4|| < ||z]| as well as ||y+|| < ||y]|.
Then

0(a)] < |¢(xi)] + oz ) + [0y )] + [o(y-)| < 4[[¢]] < oo

Hence ¢ is bounded on the unit ball of A and thus continuous. O

Lemma 2.7.8.
Let a,b € Ay such that ||a|| <1 and ||b]| < 1, then it holds that

la =0 < 1.

Proof 2.7.9.

From a > 0 as well as |ja]| < 1 and lemma 1.4.7 it follows that o(a) C [0,1]. In
C'(]0,1]) it holds that 0 <TId < 1, such that 0 < a < 1. The same holds true for b.
Then

a<1 <& 1—a=1-b—(a—0)>0 =y a—b<1-b<1.

In the same way one sees that b—a < 1.(E a — b > 0, otherwise choose b — a. With
corollary 2.4.13 it follows that

la =0l = flaff =1
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Theorem 2.7.10.
A linear functional ¢ on A is positive if and only if

00 > [[8] = lim g(u)

for one (then for all) approximate unit (uy)xen- If A is unital and ¢ is continuous,
then this condition is equivalent to ¢p(1) = [|@]| -

Proof 2.7.11.

“#"
Let ¢ be positive and (uy)rep an approximate unit. As approximate unit
(ux)aea is an increasing net, i.e. uy > u, for A > p. Then from ¢ > 0 it
follows that

y>r & y—x>0 = 0<d(y —x)=d(y) — o(z)

& 9y) = o(z) .

Hence (¢(uy))aea is an increasing net in C with limit a < ||¢||. For [ja|| <1
it holds that:

[p(ura)|* < ¢(ui)d(a’a) < ¢(un)[|d][laal
< allgllllall* < allgll ,

using theorem 2.7.4 and corollary 2.5.8 showing that u3 < uy. Taking the
limit we find that |¢(a)|? < al|¢|| for all @ with ||a]| < 1. By the definition of
||@|| this yields (using that already o < ||¢]|):

lol* < allel & [lé] <a
= 6l = lm é(us) < oo
The continuity of ¢ follows from lemma 2.7.6.
‘I¢"

For the opposite direction, ||¢| = }\m/q\ ¢(uy) for an approximate unit (uy)yex <
€

0o. Since ||¢|| < oo it follows that ¢ is continuous, as it is the operator norm.
First we show that ¢ is real on Ag,. Let a € Ay, with ||a]] < 1 and write
¢(a) =z +iy for z,y € R. (BEy > 0. Let n > 1 arbitrary and A\g € A, such

that for all A > \g

1
|auy — upyal|| < —

3

holds. Then for all A > Ag:

|nuy — ia|® = |n*u} + a* — in(auy — uya)||
< n?lual* + [la]]* + nllauy — uxall
<n*+2.
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It follows that

(gl + )2 + 2% = |nll gl +y — il = im | g(rus — i)
< lim [|g[[%[lnux —da|]” < (0" + 2)||¢]

= nllgl* +2/|¢°(| =nllol +y* + 2
=n’llgl* + 2% + y* + 2ny |4
= n?[|gll* + ¢(a)|* + 2ny|¢|

e 2gl* > le(a)l® + 2nyllo]l -

Since n was chosen arbitrarily, it is necessary that y = 0 and thus ¢(a) € R.
Let now a € A, with [ja|| < 1. Because of lemma 2.7.8 it holds that
|ux — al| <1 and thus

6]l — 6(a) = lim o(ur — a) < lim [6(us — )

<li — < .
< lim {|g[[[Jux — af < 4]
Hence ¢(a) > 0. The rest is a matter of scaling, such that ¢ > 0.

unital A
Finally, let A be unital and ¢ be continuous. Then 1 = }\11% uy. By the
€

continuity of ¢ it follows that:

muy) = ¢(1) .

li
XEA

o]l = lim 6(112) = o

2.8 Representations and the GNS-construction

Definition 2.8.1.

Let H be a Hilbert space. A x-representation of A is a *x-morphism
m: A — L(H). A vector p € H is called cyclical, if m(A)y is dense in H.
The representation is called non-degenerate, if 7(A)H is dense in H.

A x-representation is called faithful, if it is injective.

A property of nets is, that for a subset U C X of a topological space the point x € U if
and only if there is a net (z,) such that limz, = 2.

Corollary 2.8.2.
Let (uy)aen be an approzimate unit. A representation 7 is non-degenerate, if and
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only if
I/J:}\ienkﬂ'<u>\)l/) VyeH.

Proof 2.8.3.
Assume that ¢ = }\H% m(uy)® holds for all ¢» € H. Then, since 7(uy) is a net in H,
€

1 is in the closure of w(A)H.
For the opposite direction, assume 7 to be non-degenerate. Let now ¢ # 0 € H
and € > 0. Since m(A)H is dense in H, there are a € A and £ # 0 € H, such that

[

| — m(a)¢]] < 5. Furthermore, there is a Ag such that [la — uyal| < 3iey for all
A > Ao. Then it follows that (using theorem 2.6.10)
19 = m(ua) ¢l = [ = m(a)§ + m(a)§ — m(ur)m(a)§ + 7 (un)m(a) — m(ua)¢|

< |l = m(a)]l + [[m(a)€ = w(ur)m(@)é]] + [Iw(ur)m(a)§ — m(ur) ||

9 €
< =+ lIr(a = wra)|| - gl + ()] 5
< =+ fla— wall ] + flual5
< gt glél+5=¢
EEREITLE

Example 2.8.4.
Let (H,m) be a x-representation of A and ¢ € H. Then ¢, defined by

¢a) == (Wlm(a))  VaeA,

is a positive linear functional. Let m be non-degenerate, then ¢ is a state if and
only if [[¢]| = 1.

Proof 2.8.5.
By theorem 2.4.9 every positive a € A, can be written as a = b*b. Then it follows

that:
¢(b*b) = (Wl (b*b)y) = (Y|m (D)7 (D))
= (r(b)Y]m (b)) = [ (D)¥[* 2 0.
Let now 7 be non-degenerate, then by corollary 2.8.2 it holds that ¢ = %\1& m(up)e.
By theorem 2.7.10:
0]l = Tim 6(ur) = Lim(wlm(un)os) =
(@llimm(w)y) = (W) = ¢ .

AEA

Hence ||¢|| = 1 if and only if ||¢|| = 0, which is the claim. O
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In the following we will construct a non-degenerate representation. This construction
is called GINS construction, named after Gelfand, Naimark and Segal. Let ¢ be a
positive linear functional on A and define

N={aec A|¢(a"a) =0} .

Corollary 2.8.6.
N is a sub vector space of A and ([b] | [a])y = ¢#(b*a) is a well defined hermitian
scalar product on the quotient A/N.

Proof 2.8.7.
Because of the Cauchy-Schwarz inequality (theorem 2.7.4) it holds that ¢(b*a) =0
if a€ Norbe N. Thus

d((a+b)"(a+b)) = ¢(a*a) + ¢(a’d) + ¢(b*b) + ¢(b*a) = 0 VabeA,

showing that IV is indeed a sub vector space. Furthermore the Cauchy-Schwarz
inequality shows that (- | -)4 is well defined. Let o', " € N, then:

¢((b+0)"(a+d)) = ¢(b"a) + ¢(b°a’) + ¢(b"a) + $(b"d’)
= ¢(b%a) = ([b] | [al)s -

By construction (- | -)4 is hermitian sesquilinear and ([a], [a])s = ¢(a*a) > 0 since qzﬁ
is positive. It remains to show definiteness. If [a] = [0], then ([0] | [0]), = ¢(0*0) =

On the other hand, if ([a] | [a])s = 0, then ¢(a*a) = 0 and thus a € N, Wh1ch
means that [a] = [0]. O

The space (4/n, (- | -)¢) is a pre Hilbert space, which is not yet complete. Let H, denote
the completion with respect to the norm induced by (- | -), and denote the extended
inner product by (- | -).

Let b € N and a € A, then it follows that

o((ab)ab) = d((a*ab)*b) = 0

it follows that ab € N, which shows that N is a left ideal of A. Furthermore, A acts by
left multiplication on 4/n:
>(b+ N)=ab+ N .

Theorem 2.8.8.

Let ¢ be a positive linear functional. The action of A on 4/N extends uniquely to
a non-degenerate x-representation wy on He. Let (uy)aea be an approzimate unit,
then [uy] converges against a cyclical vector vy € Hy. Furthermore it holds that

¢(a) = (g | me(a)hy) VaeA.
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%}

Proof 2.8.9.
Let a,b € A. Because of corollary 2.4.13, since a*a € A, it holds that a*a <
|la*al| = |ja]|* and thus b*a*ab < ||a||*b*b. Then with corollary 2.7.2:

la > [b][I5 = ¢((ab)*ab) = $(b"a"ab) < |la]|*é(b"b) = [lal|*||[b]]I3 -

Thus the operator a> is bounded and linear. By the bounded linear transformation
theorem, it extends uniquely to a linear bounded operator m,(a) on the completion
H,. By construction, 7y is also multiplicative. Because of

(0] | mo(a)lc]) = @(b*ac) = ¢((a"b)"¢c) = (my(a®)[0] | [c]) ~ Va,bceA

= m(a*) = 7(a)!

mg is a s-morphism into £(#H,). By construction of 7, it holds that 4/~ C
7y(A)H4, which shows that 7, is non-degenerate, since 4/~ is dense in H, as
metric completion.

Let (ux)aea be an approximate unit of A. Because of corollary 2.5.8 and lemma
2.7.8 it follows that u,, — uy > (u, — uy)? for all A < g. Thus with corollary 2.7.2
and theorem 2.7.10 it follows that:

o) = Tual I* = ((up — un)" (s — ur) = S((up — ur)?)
< d(uy —un)® = [lgll = [lgll = 0.

This means, that ([uy])xea is a Cauchy net in H, and thus converges against a
1y € Hy. For all a € A it follows that

(@ = lim(aus] = [limaus] = [a

This shows that m4(A)Y, = 4/N, i.e. ms(A)Yy, is dense in Hy, proving that 1, is
cyclic.

As seen in the proof of theorem 2.5.6, A is the linear span of A, , such that we
only need to show the equation for positive elements, because of its linearity. Since
all positive elements can be written as a*a we have:

(g | To(a*a)y) = |ms(a)vslls = (mg(a)iby | mg(a)iby)
= ([d] | [a]) = #(a"a) .

Corollary 2.8.10. - -
Let ¢ be a positive linear functional on A and extend it to ¢p: A — C by ¢(1) = ||¢]|.

Then ¢ is the unique linear extension of ¢ to a positive linear functional on A.
Furthermore it holds that ||¢]| = ||¢]|.
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Proof 2.8.11. B
By the Hahn-Banach theorem, there exists an extension ¢': A — C, such that
¢'|a = ¢ and ||¢|| = ||¢]|. Uniqueness follows from theorem 2.7.10, because A is

unital and thus: N
¢'(1) = ¢l = 16ll = ¢(2) .
Since every a € A can be written as a + z1, this proves uniqueness.

Let (#,7) be the GNS representation (theorem 2.8.8) w.r.t. ¢ and let ¢ = 1,.
Then:

¢(a) = (| wla)y) VaeA.

Furthermore, by construction, it holds that 7(a)y = [a], and for every approximate
unit (uy)xea it holds that [uy] — 1. Since m(a) is bounded on 4/w, it is continuous,
allowing to exchange limits, such that:

lim 7(uy)t = lim 7 (uy) im[w,] = im 7 (uy)[w,] = im[uyu,]
A A 12 A A

= liin[liin uru,| = liﬁrtn[uu] =1 .

Also by the construction, an extension of 7 to a representation of Ais given by
m(1)[a] = [1a] = [a] such that m(1) = Idy. With theorem 2.7.10 it follows that:

o(1) = |l¢ll = lim (uy) = My | 7 (un)y) = (¢ | ¥) = 41 -

Thus we conclude:

8(@) = dla+ z1) = ¢(a) + d(21) = ¢(a) + 2(¢ | ¥)
= (¥ | m(a)) + (¥ | m(z1)9) = (¢ | w(a + z1)0)
= (¥ | (@) .

In example 2.8.4 we have seen, that such a linear functional is positive (in this case
on A). O

Corollary 2.8.12.

Let B be a C*-sub algebra of A. Every positive linear functional on B extends to
a positive linear functional v on A with ||¢|| = ||¢||. If By is hereditary in A,
then the extension is unique.

Proof 2.8.13.

Let B := C*(B, 1) be the C*-algebra, induced by B and 1, where 1 € A. Tt is clear,
that B C A as C*-sub algebra. The prove of corollary 2.8.10 applies also for B,
such that there is a unique ¢ on B, that is positive. By the Hahn-Banach theorem,
there is a linear extension 1 of ¢ on A with ||¢)|| = ||@||. Since ¢ is positive on the
unital C*-algebra B, it holds that:

V()=o) = gl = 19| -
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Hence by theorem 2.7.10 15 is positive on A. Then, the restriction Y= 1Z|A is a
positive linear extension of ¢.

Assume now, that B, is hereditary, and let 1, @Z, ¢ and gg as before. Let (uy)aen
be an approximate unit of B, then:

[l = Nl = (1) = é(x) = lIo]l = llo]l = lim é(uy) -

Let a € A with ||A]] <1, then a*a € A, with ||a*a|] < 1. Because of lemma 2.4.11
it follows that a*a < |ja*a||1 < 1 and with 2.4.13 we find

0 < (auy)*auy = ura*auy < uj € By .

Since By is hereditary, it follows that uxb*buy € By C B. Since (A;)c = A and

a = a+ z1, it follows that uyAuy C B. Using the Cauchy-Schwarz inequality
(theorem 2.7.4) we see that (using ¥ (b) = 1(b) = ¢(b) for all b € B):

[(a — urauy)| = |1§(a —urauy )| = @((l —ur)a+ura(l — uy))]
< [0((x — w)a)] + [ura(l — up)
< Vo1~ un)2)dara) + V(@ Ba)dl(x —un)?)
= Vo= w) (Vilara) + \/idlaruda) ) — 0.

since by construction IZ(J.) = ||¢]| and since 1 is positive, so lAn% 1/7(1@\) — LHR W(uy) =
€ €
|#||. This shows that

YP(a) = }\15\1 Y(upauy) = }\lerﬁ d(urauy) .

This shows, that 1 is uniquely determined by ¢. O]

Definition 2.8.14.
For the set of states on A, we write S(A). Furthermore, for every linear functional
¢: A — C we define ¢* by

¢*(a) = dla) VacA.

The next two results involve the concept of convex hull. The convex hull of a subset
K C X can be defined most abstractly as the intersection of all convex set that contain
K. A more ready definition is the set of convex combinations, that the convex hull of

K is
{Z QLC

k=1

cr € K, a,€][0,1], Zakzl,nEN}.
k=1

Lemma 2.8.15.
Let Q = Q(A) be the set of all positive linear functionals on A with Norm < 1.
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Then the convex hull of Q U —Q is

K= {¢1— ¢2| ¢1,02 € Q}

and is weak-x-compact.

In the proof we will also prove the following corollary

Corollary 2.8.16.
The set @) is convez.

Proof 2.8.17.

Let By = {¢p € A" | ||¢|| < 1} be the closed unit ball w.r.t. the operator norm.
Consider the map p,: A” — C, defined by p.(¢) = ¢(a). Then by corollary 1.3.6
e is continuous in the weak-*-topology. Thus:

Q = B ﬂ M;l([()»oo) :

GEA+

Since B is closed in the norm topology it is also closed in the weak-*-topology (see
theorem 1.3.8). The preimage of a closed set, w.r.t. a continuous map is closed, as
well as arbitrary intersections, it follows that @) is closed in the weak-*-topology.
From the Banach-Alaoglu theorem 1.3.10 it follows that B is compact in the
weak-*-topology and thus @) is compact in the weak-*-topology.

Let D = {¢1 — ¢2 | ¢1,02 € Q}. First we show that K C D. Since 0 € @Q it
follows that Q@ U —@) C D. Using theorem 2.7.10 we find that for positive linear
functionals it holds that:

61+ dall = lim(61 + 62)(r) = lim d(ux) + ba(us) = 61| + 6]
for ¢1, 9o > 0. Then we see that () is convex:
[(1 = t)pr +tda|| = (L =) l|pn]| + tlpof| =< 1 —t+i=1.
Thus for ¢, ¢o, 11,19 € @ it holds that:

tH(d1— ¢2) + (1 =) (V1 — o) =t + (1 =)y —tga + (1 =)y € D .

€Q €Q

Hence D is also convex. Since the convex hull K is defined to be the smallest
convex set, containing () U —@Q) it follows that K C D.

For the opposite inclusion, we want to show that ¢; — ¢ can be written as

convex sum ¢y — ¢ =ty 4 (1 + )by € K. Take t = % € [0,1], then:

PR 1

=Tl + Il €<
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)]
[fa]] + [ ]|

Next we observe that from the positive definiteness of the norm we have

[ d2ll@r — NP1l dall = lIdall - (@]l — [le1]l - g2l =0
= |g2l|o1r — [|@1]|p2 =0

and (1=t)(=¢2) = —(1 —t)do = P2 € —Q .

= (loull + lg2l)(f1 = ¢2) = [[Dalldr = [ @1l P2 + P2l o1 — |2l b2
= l[¢1ll¢r — [ p2l[@2 -

Hence we find:

g ol el L lISlér — lIga]lé
P10 T el O % T e+ gl
=t + (1 =1)(—¢2) € C,

which shows that K C D. Thus we have shown that D = C.

The theorem of Eberlin-Smulian states that if £ C X is a non-empty subset
of a Banach space, then if every sequence has a sub sequence that converges
w.r.t. the weak-#-topology (called sequentially compact), then F is compact in the
weak-#-topology. Since K C A" we only need to show sequentially compactness.

Let (¢, — ¢n) be a sequence in K. Since ) is weak-k-compact, there are
convergent sub sequences (¢, ) of (¢,) and (¢y,) of (p,). Then (¢r, — ¢y, ) is a
convergent sub sequence of (¢, — ¢,).

]

Theorem 2.8.18.
The set S = S(A) is convex. Furthermore, the set

{opedllol <1, ¢ =4}

is the convex hull of SU —S.

Proof 2.8.19.
For convexity of S(A) we need to show, that for ¢1,¢, € S(A) it holds that
(1 —t)p1 +tpa € S(A). As seen in the proof of lemma 2.8.15 it holds that

@1 + dall = [|énll + [[@2ll  d1,02 >0,
and hence:
[(1=8)g1 + gl = (L= t)|oal| +t][go]| =1—t+t=1.

For the second claim we want to show that the convex hull J of S U —S is the
convex hull K of Q U —@Q. Since SU -5 C Q U —Q it is enough to show that
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K C J. Since the convex hull is the smallest set convex set, containing the set in
question, it is enough to show QU —Q C J. Let ¢ € @, then ¢ = 2= € S and

lloll
¢ = ||¢||vb. Let now o = %7 then

¢=lolY+ap+al-p) Veoes.

This is a convex sum, such that ¢ € J. The same construction works for —¢ € —Q
and — € —S, such that Q U —Q C J. Hence the convex hull of SU —§' is
K ={¢1 — ¢2 | &1,02 € Q}. From lemma 2.8.15 it follows that it is weak-x-
compact.

Let a € A, and B := C*(a). Because of corollary 2.3.6, there is a ¢, € I'g for
all z € o(a)\ {0} with ¢.(a) = z. The extension to B satisfies @.(1) = 1 by lemma
2.2.6. Since B is unital, theorem 2.7.10 together with lemma 1.4.17 show that
@, is a positive linear functional and so is ¢,. Then there is a unique extension
(corollary 2.8.12) x, of ¢, to A, since B C A is a C*-sub algebra. Corollary 2.8.10
also states that ||¢.|| = ||@.|| = 1, such that ||x.| = [|¢:]| = 1 by corollary 2.8.12.
Hence x, € S. It follows that

lall = p(a) = sup{z € o(a)} = sup{p(a) | ¢ € Ta}
< sup{|¢(a)| | ¢ € S} < lellllall = [la] -

Assume now, that there is a ¢ € A’ \ K with ¢* = ¢ and [|¢]| < 1. By the
Hahn-Banach theorem there is a ¢ > 0 and an a € Ay, = ((Ase),) such that

¥(a) > e but ¢(a) < ¢ for all ¢ € K, since K is weak-+-compact. Since K = —K
it follows that |¢(a)| < € for all ¢ € K and thus:

lall < sup{[o(a)] | ¢ € S} < sup{|¢(a)| | ¥ € K}
<e <4(a) < [¢llllall < all

which is a contradiction. Hence K = {p € A" | [|¢]| <1, ¢* = ¢}. O

Definition 2.8.20.
Let F' C S(A) be a subset. It is called separating, if

VacA:(VopeF:¢pa)=0) = a=0.

To prove the next corollary, we need a statement similar to corollary 2.1.5.

Corollary 2.8.21.
Let A be a C*-algebra, then every linear functional ¢ can be written as sum
¢ = + i) with self adjoint linear functionals ¥,

Proof 2.8.22.
It holds that

0= 56+ +ig (6~ ).
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Furthermore for ¢ = (¢ + ¢*) and ¢/ = 5 (¢ — ¢*) . It is straightforward to show
that ¥* = 1 and ¢ = ¢’ by plugging in the definitions. ]

Corollary 2.8.23.
The set of states S = S(A) is separating. Furthermore, if A is a separable
C*-algebra, then there is a ¢ € S, such that {¢p} C S is separating.

Proof 2.8.24.

Let a € Ay such that ¢(a) = a for all ¢ € S. Then it also holds that —¢(a) = 0,
i.e. ¥(a) =0 for all » € —S. In the proof of theorem 2.8.18 we have seen that the
convex hull of SU —S is

K={¢1—¢2[¢1,02€Q}f ={d€ A ||d] <1, ¢"=¢}.

This shows that ¢(a) = 0 for all ¢ € K. Put differently (and rescaling), for all self
adjoint linear functionals ¢ € A’ it holds that ¢(a) = 0. From corollary 2.8.21 it
follows that ¢(a) = 0 for all ¢ € A’. But then a = 0, which is the first claim.

With results and methods from functional analysis and topology, it can be shown
that there is a dense sequence {¢,} in S. Consider

o0

p=>Y 2"g €9,

n=0

Since the sequence is dense, the subset {¢,, | n € N} C S is separating. If ¢(a) =0
for all a € A, then ¢, (a) = 0 for all n € N. Then, since {¢,, | n € N} is separating,
a = 0, showing that {¢} is separating. ]

Theorem 2.8.25.

For every Cx-algebra there is a non-degenerate faithful x-representation, called
universal x-representation. If A is separable, then one can assume that the
representation space is separable.

Proof 2.8.26.
Let F' C S be a separating subset (existence ensured by corollary 2.8.23) and define

7TI:®7T¢.

Pl

By theorem 2.8.8 the representations 7, are non-degenerate (and thus is 7 on

H = Byer He) and ¢(a) = (Vg | my(a)y) for all a € A.
Let a € Ker(n), then it holds that a € Ker(my) for all ¢ € F and thus

¢la) = (g | mo(a)vg) = (g | Totbg) =0 .
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If a is positive, then because F' is separating it follows that a = 0. Since every
element in A can be written as linear combination of positive elements, it follows
that Ker(m) = 0, proving that 7 is faithful.

Assume now, that A is separable, then by corollary 2.8.23 one can choose
F = {¢}. By the construction of the GNS-representation = = m; and more
importantly, 4/~ is dense in H. But since A is separable, so is H. m

Corollary 2.8.27.
Every C*-algebra is isometrically x-isomorphic to a C*-sub algebra of L(H), where
H is a Hilbert space. If A is separable, then one can assume that H is separable.

Proof 2.8.28.

By theorem 2.8.25 there is a faithful s-representation 7: A — L(H), i.e. an

injective *-morphism. By theorem 2.6.10 the image of a *-morphism is a C*-sub

algebra, i.e. m(A) C L(H) is a C*-sub algebra. Also, m: A — 7m(A) is surjective,

injecive and by theorem 2.6.10 also isometric. Hence an isometrical-*-isomorphism.
By theorem 2.8.25, if A is separable, then one can assume H to be separable. [

2.9 Von Neumann algebras

In this section, H denotes a Hilbert space.

2.9.1 Definition of von Neumann algebras

Definition 2.9.1.
The weak operator topology (WOT) on L£(H) is the locally convex topology
defined by the semi norms:

A—[(9lAY)| Vo et .

The strong operator topology (SOT) on L(H) is the locally convex topology
defined by the semi norms:

A— ||AY|| Yy eH.

Using the properties of nets, we can prove the following corollary:

Corollary 2.9.2.
The WOT is weaker than the SOT and the SOT is weaker than the norm topology.

Proof 2.9.3.
Let V be an open set in WOT. Let Ay € V, then there is ¢ > 0 and F =
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{(#1,91), ..., (¢, ¥n)}, such that BYOT(Ay) C V. For A € By 2" (Ap) this means
that
(@[ (A= Agy)| <eV g, e F.

The case of ¢ = 0 for all k is trivial, so define ¢ = maxi{||¢||} > 0 and
F' = {4¢n,...,¢,}. Then for B € Bg?%T(AO) it follows that for all ¢ € F and
Ve F:
€
(& 1 (B = A))¥)| < I9llll(B = Ao)vll < llgll5 < e,

showing that Bg??(Ao) C BpPT(Ay) C V. Hence V is SOT open.
Showing that SOT is weaker than the norm topology is exactly the same, using
that:
(B = Ao)¥ || < [[][l| B = Aol -

Corollary 2.9.4.

i) The product (A,B) — AB is SOT continuous on B x H for every norm
bounded subset B C H.

ii) For fized B the maps A — AB and A+ BA are WOT continuous.

iti) The involution * is WOT continuous as map *: (L(H), WOT) —
(L(H), WOT).

Proof 2.9.5.

i) Let O be open and (Ag, By) € O = {(A,B) € Bx L(H) | AB € O}.
Let F' = {¢1,...,¢n} and € > 0, such that B32"(4yBy) C O and define
= sup{A € By <(Ag)}. Then for A € BYr < (Ag) and B € Bi2X(By) it
follows that ’ ”
BSOT(Ay) x BSOE. (By) € O

since AB € BiQ"(AgB,) for all such A and B, because of

[(AB — AoBo)v|| = [|A(B — Bo)y + (A — Ao) Bot) ||
< |[JA[l - [|(B = Bo)¥|| + (A = Ag) Boy)|

e €
Al=—+ =<
<lAlE + 5 <
for all ¢ € F.
ii) (8 for the map A+ AB. Chose A € BJ{{5,, .(Ao), then:
{0 [ (AB = AB))| = [{¢ | (A = Ag)BY)| < ¢ .

The rest is similar to i).

4Let 7| C T2, then every open set in 71 is also open is 7. Since a set is closed, if its complement is
open, the same applies to closed sets.
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iii) Let A € By, .(Ao), then A* € BIPL, (Af), since:

(¢ | (A" = AD))| = [(@ | (A= Ao)" )| = [((A = Ao)o | )|
(¢ ] (A= Ao)g)| <e.

Again, the rest is the same as i).

Lemma 2.9.6.
Let (A))aea be a monotonously increasing net of positive elements in L(H), that
is bounded w.r.t. the norm. Then (A))aea converges in SOT.

Proof 2.9.7.
(E let ||Ax]] < 1. Let ¢ € H and ¢: L(H) — C defined by

(A) = (| Ap), YV AeL(H).

Then, by example 2.8.4 ¢ is a positive linear functional. Since (A,) is monotonously
increasing and bound by ||A,]] < 1, the net ¢(A)) converges against an r > 0.
Comparing the proof of example 2.8.4, we see that for A < u it holds that (also
using corollary 2.5.8 and 2.7.2):

(A, — AV = d((A, — AN)?) < ¢(A, — A)) —r—1r=0.

This shows that A1 is a Cauchy net and hence converges against an Ay € H.
Thus (A,) converges against A in SOT. O

Theorem 2.9.8.
Let ® be a linear functional on L(H), then the following claims are equivalent:

i) There are Yy, op, € H for k =1,...,n, such that

fjmmwk VAeLH) .
k=1

ii) ® is WOT continuous.

iii) ® is SOT continuous.

Remark 2.9.9.

As a remainder. The representation theorem of Riesz states that for every
A € L(H) there is a unique ¥ € H, such that A = (¢) | -). As a result, H* is again
a Hilbert space and H** = H.
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Proof 2.9.10.

i) = ii)
Let Ay € O = {A € LH)||P(A) — ®(Ap)| < e}. Choose F = {(¢r,Vr)},

such that A € BYOT(A), i.e. Z=A— Ay e BT, then:

[@(A) — (Ag)| = [®(A = Ao)| =

Z br | Ay)

<3 (o | Ady)] zf
k=1 k=1

3

The rest is standard procedure.

i) = iii)
Since ®: L(H) — C is WOT continuous and SOT is a finer topology it
follows immediately.

i) = i)
There are v, ..., 1, € H, such that (in fact it holds for all ¢1,...,¢,)

where we defined C=H"=H D ... dH, Y =1 ®... DY, and m(A)§ =
A& B ... AL, for all € € K.

Let V :=7(L(H))Y C K and define ¢: V — C by
o(r(A)Y)) =d(A) VAeL(H).
¢ extends to the closure V, since for all £ = w(A)y € V it holds that

()] = [P(A)] < llm(A)llc = [k -

Because of the Riesz representation theorem, thereis { =& @ ... HE, € K,
such that ¢(mw(A)Y) = (¢ | 7(A)Y). Hence

D(A) = (r(A)) = (€ | T(AW) = {6 | Ad)

k=1

Remark 2.9.11.
The map 7: L(H) — L(H") is a *-representation.
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Corollary 2.9.12.
Let K C L(H) be convex. K is SOT closed, if and only if K is WOT closed.

For the proof we will use [Mur90, proof of theorem 4.2.7]

Proof 2.9.13.

Assume that K is SOT closed. For all A in the WOT closure, there is a net
(Ax)xea, converging in WOT against A. Hence, for every WOT continuous linear
functional ® on L£(H) it holds that ®(A) = liin ®(A,). By theorem 2.9.8 & is also

SOT continuous. Thus A is in the strong closure of K, i.e. A € K. Hence K is
WOT closed.
The opposite direction follows from corollary 2.9.2. O

Definition 2.9.14.
Let M C L(H), then the commutant M€ of M is defined by:

M¢={A€L(H)|VBeM: AB=BA} .

The bicommutant is M = (M°)°.

A first observation is, that M C M. This can be seen as follows. Assume A € M. By
definition B € M means that BA = AB, such that AB = BA for all B € M¢. Hence
Ae M.

Another direct observation is, that for M; C M, it follows that My C My. Both
observations together yield

MC C (MC)CC — MCCC , M C MC :> MC C MCCC :> MC — MCCC .

Corollary 2.9.15.
Let M C L(H), then M* is a WOT closed sub algebra. If M = M*, then M is a
C*-algebra.

Proof 2.9.16.

That M€ is a sub algebra follows from a direct check of the algebra axioms. It
remains to show that it is closed in the WOT. Let (Ay)xea be a net in M that
converges w.r.t. the WOT against A. Since the product for a fixed B € L(H) is
continuous, it follows that

AEA A€A
Hence A € M¢, showing that M€ is closed w.r.t. the WOT.

For the last claim, it has to be shown that A* € M€ if A € M¢°. Since by
assumption B* = B for all B € M it follows that:

A"B = A"B* = (BA)* = (AB)* = B*A* = BA" .
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Corollary 2.9.17.
Let A C L(H) and M its WOT closure. Then A¢ is the WOT closure of M°€.

Proof 2.9.18.
Let (x)xea be anet in M¢. We need to show that z = }\irg\lx)\ € A¢. Letac AC M,
2

then xya = ax). By corollary 2.9.4, the product with a is continuous, such that
rza =limzya =limaxy, = alimz) = azx .
AEA AEA AEA
Hence x € A°. O

To proof the next corollary, that will be used in the proof of the central theorem of
this subsection, the concept of orthogonal projections is used, making it worthwhile to
recall some properties.

Remark 2.9.19.

Let U C H be a closed sub vector space and U+ its orthogonal complement. Then
for every 1 € H, there exist unique ¢ € U and ¢+ € U+, such that ¢ = ¢ + ¢.
Then there is a unique linear operator, defined by p(1)) = ¢ with im(p) = U
and Ker(p) = Ut. This operator is called (orthogonal) projection. It is
characterized by p? = p and p* = p, since:

(p(W) [4) = (@) | &) + () | ) = (o] &) = ... = (¥ | p(¥)) .

Corollary 2.9.20.
Let M C L(H) be a C*-algebra. Let B € M, ¢ € H and € > 0. Then there is
an A € M, such that

I(B—A)p| <e.

Proof 2.9.21.
Define K := M. Then K is M-invariant by definition. Let K+ be the orthogonal
complement, then Kt is also M invariant, since

(MK | K) = (KF | MPK) = (K* | MK) = (KX | K) = 0.

Let p be the projection on K. Because of the M invariance, it holds for all A € M
that:
pAp = Ap and pA(l—p)=0.

Hence:

Ap = pAp + pA(1l —p) = pA ,
so p € M¢. For B € M it holds pB = Bp showing that K > pBy = Bpy = By
and thus By € K. Let (¢,), be a sequence in Mt that converges against B
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(existence, because K is defined to be Norm closed). Then every 1, can be written
as A for an A, € M. It follows that

Jim A= B
Since this limit is defined in the norm topology, for every ¢ > 0 there is an A € M
with

I(B— Al <e.

Theorem 2.9.22 (Von Neumann bicommutant theorem).
Let M C L(H) be a C*-sub algebra that contains 1 = 1, then the following
properties are equivalent:

i) M = M.
i) M is WOT closed.
ii) M is SOT closed.

Proof 2.9.23.

i) < iii)
Since M is an algebra, it is convex, such that ii) < iii) because of corollary
2.9.12.

i) = ii)
Applying corollary 2.9.15 to M¢, it follows that M is WOT closed. From i)
it follows that M is WOT closed.

iii) = i)
Let 7 be the x-representation onto H" from the proof of theorem 2.9.8. The
space L(H™) consists of matrices with linear operators as coefficients:

LH") ={X=(Xyj)|i,j=1,...,n, X;; € L(H)} .
Let X = (X;;) € L(H") and A € M, then:
m(A)X — Xn(A) = (AX;; — Xiy)
= T(M)={X =(Xy;) | Xij e M® Vi, j}.

= w(M)*={X=(Xy) | Xij € M“ Vi, j}.

Since (M) = {diag(X1,..., X,) | X; € M, V i} it follows that m (M) C
(M),
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Let B € M® and v¢y,...,¢, € H and define ¥ = ¢y & ... Dy, € H".
Corollary 2.9.20 shows, that for all € > 0 there is an A € M, such that

e >||(x(B) — m(A)V|| = J Zij (B — A)x|

- J S U(B =AY | (B — A

k=1

n n

= D UB=AW | (B—A) = o | (B—A)y)| <&

k=1 k=1
This shows that B is in the WOT closure of M. Then it is in the SOT closure
of M because ii) < iii). By assumption M was already SOT closed, such

that B € M. Since B € M was arbitrary, it follows that M C M. Since
M C M* is always true, it follows that M = M. m

Definition 2.9.24.
A C*-sub algebra M C L(H), that satisfies the equivalent properties of theorem
2.9.22 is called von Neumann algebra or W*-algebra.

2.9.2 Kaplansky density theorem

Before we can proof the Kaplansky density theorem, we need the concept of strongly
continuous functions.

Definition 2.9.25.

A continuous function f: R — C is called strongly continuous, if for every
net (zx)aea in L(H)sq that converges to x € L(H)s, in SOT, it holds that f(x))
converges to f(x) in SOT.

As a reminder, f(z,) refers to the functional calculus, where £(H) is the C*-algebra.

Lemma 2.9.26.
Let f: R — C be continuous function, such that f(0) =0 and there are a, f > 0,
such that |f(t)| < a|t| + 8 for allt € R. Then f is strongly continuous.

Proof 2.9.27.

Let S denote the set of all strongly continuous functions R — C and S* C S
denote the subset of bounded functions. Since the product is SOT continuous (see
corollary 2.9.4), it follows that S®S C S. This also yields, that (S | - ||«) is a
commutative Banach algebra.
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Let e(t) = (1 + t*)7!t and (z)) be a net inL(H)s, that converges against
x € L(H)sa in SOT. It holds that ||(1 + 23)7 || < 1 and also ||(1 + z?)7 || < 1.
Hence, using again, that the product is SOT continuous:

le(zx) = e(@) gl = (1 +23) ey — (14 2%) 2y
= (1 +23) 7" (2a(1+2%) = (14 23)z) (1 +27) "¢
= (1 +23) " (@r —2)(1+22) "+ (1+23) (e — 2l +22) 'Y
<@+ ) A+ 27 (= 2l + (e — z)ap)
< (@ = 2| + [loa(@ — 22)2e]| — 0

This shows that e(x) = }\1& e(zy) in SOT and so e € S°. The same holds for e,

defined by e.(z) = e(ex), as long as € > 0. The functions {e. | € > 0} separate
the points of R\ {0}. From corollary 1.5.4 it follows that Cy((R) \ {0}) C S°.

Let now f be as specified in the claim and denote z = Tg(z). Since f is maximal
of linear order by assumption, it holds that:

f-(I+28)teCy(R\{0}) c S,
Since z € S, it holds that f - (14 2?) "' € S. This function is still bounded, as

denominator and nominator are both of quadratic order, such that f-(1+z%)"12? €
S. Tt follows that

f=fQ+a?) e+ f-(1+a?) 2’ es,

which was the claim. O

Theorem 2.9.28 (Kaplansky density theorem).

Let A C L(H) be a C*-sub algebra with SOT closure M. Then the unit ball B(A)
of A is dense is SOT dense in the unit ball B(M) of M.

Furthermore, B(As,) is SOT dense in B(Ms,) and B(A) is SOT dense in
B(My). If 1 =1y € A, then U(A), denoting the subset of unitary elements, is
SOT dense in U(M).

Proof 2.9.29.

Since A, is a convex cone in A, by theorem 2.4.9, the SOT closure and WOT
closure are the same (corollary 2.9.12). By corollary 2.9.4, the involution * is WOT
continuous and hence the WOT closure of A, is M,,. Consider the the function
f: R — R, defined by

f(t) = max(min(¢,1),—1) .

Then, by lemma 2.9.26, f is strongly continuous. Also note, that f = Id on [—1,1].
Let © € B(M,,), then there is a net (x))xep in Ag,, such that ) — = in SOT, and
thus

v = f(r) =1lim f(z)) .

AEA
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Also, it holds that f(z)) € B(As.). Hence, (f(x)))xea is anet in B(As,), converging

against © € B(My,) in SOT, showing that the SOT closure of B(Ay,) is B(Ms,).

That is, B(Ag,) is dense in B(M,,).
Considering the function

f(t) == max(min(¢, 1),0) ,

the same steps show, that B(A, ) is dense in B(M.).

Let 1 € A and uw € U(A). From the spectral theorem it follows that there is an
r € My, such that u = exp(ix). Let (x)) be a net, that converges against x in
SOT. Then, because of lemma 2.9.26, uy = exp(iz,) converges against u = exp(ix)

in SOT. Since uy = exp(ixy), it is a net in U(A), converging against x € U(M).

Hence U(A) is dense in U(M).

Let x € B(M). The SOT closure of My(A) C My(L(H)) == L(HSH) is My(M).

It holds that
= (90 € BO(M).L)
Yy = T* 0 2 sa )
hence there is a net (y,) in B(My(A)s,) converging against y € B(My(M)s,) in

SOT. Taking the component z, = (y,)12 it follows that x) € B(A) and x) — z in
SOT. .

2.9.3 Partial isometries, projections and polar
decomposition

Definition 2.9.30.

Let A be a C*-algebra and u € A. Then wu is called partial isometry, if u*u is
a projection, i.e. (u*u)? = u*u

((u*u)* = u*u is always true).

For partial isometries, one finds that:

Lemma 2.9.31.
Let A be a C*-algebra, p == a*a and q == aa* for an a € A. Then the following
properties are equivalent:

i) It holds that p* = p.
it) It holds that aa*a = a.
iti) It holds that a*aa* = a*

i) It holds that ¢*> = q.
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Proof 2.9.32.
ii) < iii) Applying the involution .
ii) < i) The direction ii) = i) is apparent. For the opposite direction let z =
aa*a — a, then it holds that:
r*x = (a*aa”)(aa"a) — (a*aa”)a — a*(aa*a) + a*a
=pP+p'+p—p=0.
From the C*-norm identity 0 = ||0]] = ||z*z|| = ||z||* it follows that z = 0
and thus aa* = a.
iii) < iv) The same as i) < ii).
[

With this lemma, we can show another defining property of isometries, following [Mur90,
Theorem 2.3.3]

Corollary 2.9.33.
Let A C L(H) be a C*-sub algebra and u € A be a partial isometry. Then, and
only then, u is an isometry on Ker(u)*t.

Proof 2.9.34.

=
First we want to show that Ker(u)® C u*uM. A result from functional
analysis is, that Ker(u)t = im(u*) = u*H, such that it is enough to show

that u*H. Since u* = v*uu* by lemma 2.9.31, it holds that:

u = wruuty = utu € wuH .

For the closure, it is enough to take a net and using continuity.

Hence, let ¢ € Ker(u)t, then, because u*u is a projection, there is a ¢ € H,
such that

wruh = vruutug = (utu)?p = utug =1 .
It follows that:

ludp|* = (up | upp) = (uudp | ¥) = (¥ [ ¥) = [¢]]* .

Let p be a projection of H onto Ker(u)* and 1 € Ker(u)*. Then
(wuz | z) = uy||* =[]l = (W [ ¥) = (¢ | ¥) .
On the other hand, if ¢» € Ker(u), then
(wuz | z) = [uwg]*0 = (p¥ | ¥) ,
such that (u*ux | x)(py | ¥) for all ¢ € H, showing that p = u*u.
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Corollary 2.9.35.
Let A C L(H) be a C*-sub algebra with SOT closure M. Then M is a von

Neumann algebra on AH C H. If A acts non-degenerately on H, then it also
holds that M = A®.

Proof 2.9.36.

Let (uy) be an approximate unit of A. By lemma 2.9.6 (u,) converges in SOT
against a positive e € M. Hence, in SOT, uya — ea for all a € A. But since (uy)
is an approximate unit, uya — a in the norm topology. Thus, e € M is a unit
for M. Then, for all ©» € AH, it holds that (1 — e)i) = 0. Also, for every net in
Yy € H it holds that:

l\g\l(]l — ey = }\1615\10 =0,
showing that e = 145 € M. Let (ay),(bx) be nets, SOT converging against
a,b € M. Because of

[(ta + (1 = 1)b = (tax + (1 = )bx)¢[| < t]l(a = a9l + (1 = 1) (b = ba)¢|

tay + (1 —t)by SOT converges against ta + (1 + t)b, showing that M is convex.
By corollary 2.9.12 M is WOT closed, and thus M* = M. Hence M is a C*-sub
algebra of L(AH), containing 14, that is SOT closed, i.e. a von Neumann algebra.

If A acts non-degenerately on H, then AH = H and thus e = 1477 = 13. Hence
M is a von Neumann algebra on H. From A C M it follows that A“ C M = M,
using that M is a von Neumann algebra. Furthermore, since A is convex, its WOT
closure is M and by applying corollary 2.9.17 twice, A°“ is WOT dense in M = M.
But by applying corollary 2.9.15 twice, we see that A is already WOT closed.
Hence A = M“ = M. O]

Theorem 2.9.37 (Polar decomposition ).
Let M C L(H) be a von Neumann algebra and x € M. Then there is a unique
partial isometry u € M, such that u*u is the projection onto |x|H and r = ulz|.

Proof 2.9.38.
Let p be the projection onto |z|H and define u on |z|H by

u(lzlp) =z¢,  VyeH.

Since z is fixed, this operator is well defined. As positive element, |z| is self adjoint,
and thus

lfl* = (& | 2[*) = (¢ | 2"2yp) = [lz]|*
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showing that u is an isometry of |z|H. Hence u extends to an isometry u: p(H) =
|z|H — xH C H. Furthermore, this shows that Ker(z) = Ker(|z|). By construc-
tion (and self adjointness |z|* = |z|) it holds that

Ker(z) = Ker(jal) = (jaH)" = (1 = p)H .

Thus v = 0 on (1 — p)H = Ker(|z|), showing that Ker(u) = Ker(|z|). From
Ker(u)t = Ker(|z|)* = [z|H and corollary 2.9.33 it follows that u is a partial
isometry and u*u = p is the projection onto |xz|[H. Also, by construction it holds
that u|z| = .

Let now v € M, such that v*v = p and v|z| = . Hence

v =0V =vp and u = uuu = up

and for all ¢ € H:
vlzy =2y = ulzly .

Thus vp = up, showing u = v.
It remains to show, that u € M. Let A = C*(z) C M. Hence, it is enough to
show that x € A C M = M. Let y € A, then it holds that

ry(l—pp =yr(l —p)p =0 = y(Ker(z)) C Ker(z) = (1 —p)H .

From Ker(u) = Ker(|z|) = Ker(x) it follows that y(Ker(u)) C Ker(u), i.e. for all
v eH
uy(L =p)p = yu(l —p)y = 0.

On the other hand, p(H) = |z|H and since |z| € A because of the functional
calculus, for all ¢ € H, using the definition of w it holds that:

uy(|z[y) = ul|zlyy) = 2y = yrp = yu(|z[) .

Hence uyp = yup and thus uy = yu. O]

Lemma 2.9.39.

Let A C L(H) be a C*-sub algebra with SOT closure M. For all x € M, all finite
dimensional sub spaces V' C H, such that the projection p onto V is an element
inp and all € > 0 there is an a € A, such that

la—z)lvl<e and  al| <|lzlv .
Proof 2.9.40.
(E let ||z|y]| = 1 (the case z|, = 0 is trivial). Let y = xp, then ||y|| = 1. Let
vy, ..., U, be an orthonotmal basis of V. Because of the Kaplansky density theorem

2.9.28, there is an a € A with ||a]| < 1, such that

|lav; — zv;]| = [Jav; — yv;|| < Vi=1,...,n.

SHE
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= (a—yv; <ev; Vji=1,....n

Then for all v = 3"_, (v | v;)v; € V, with |lv]| <1, it holds that |(v [ v;)| < 1 and
thus:

n

I{a = z)v Z (v ;) |||a—x)v]||<nZ|lvjll—ﬁ n.

This shows that:
[(a=2)|v] = [l(a—2)p|| <e.

Theorem 2.9.41 (Kadison transitivity theorem).

Let A C L(H) be a C*-sub algebra with SOT closure M. For all x € M, all finite
dimensional sub spaces V- C H, such that the projection p onto V is an element
in p and all € > 0 there is an a € A, such that

aly =zly  and  |a| < |lyll +< .

Proof 2.9.42.

By lemma 2.9.39 there is an ag € A, such that |lag|| < ||z|| and

(a0 — 2)|v] < 5. We are going to show by induction, that for all n € N there is
an a, € A, such that lan]| < 5= and

(S )

Indeed, for n = 1, lemma 2.9.39 shows that there is an a; € A, such that

£
< .
- 2n+1

14

9 9

lal <l@-alvl <5 and  le—a—a)l<.

Assuming to have proven the statement for n € N, then lemma 2.9.39 shows the
existence of an a,+; € A. such that

n
€
e @—Z%) <
k=0 1%
|| Za x < °
n - =~ 1
v 2n+

Hence for a = Y32, a, € A it follows that a|y = |y and

lall < lz + Z =]+
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2.10 Irreducible x-representations

Let K be a convex set. An element x € K is called extreme point, if it is only an
ending point of straight lines in K. That is, from = = ty; + (1 — t)y with ¢ € [0, 1] and
Y1, Y2 € K it follows that x = y; or = = y».

Definition 2.10.1.
A state ¢ € S(A) is called pure state, if it is an extreme point of Q(A), where
Q(A) is the set from lemma 2.8.15.

The following theorems from [Mur90, theorems 5.1.2, 5.1.4 and 5.1.7] will be needed in
the proof of theorem 2.10.11:

Theorem 2.10.2.

Let A be a C*-algebra, ¢ be a state and ¢ be a positive linear functional, such
that ¢ < ¢, i.e. ¢ — @ is positive. Then there is a unique operator V € mys(A)C,
such that

p(a) = (me(a)Viby | 1bg)
forallae A and 0 <V < 1.

Proof 2.10.3.

Let o be the hermitian scalar product from corollary 2.8.6 defined by o([a], [b]) =
@(b*a). The corollary states, that this is a well defined hermitian scalar product
on Hg. Using the Cauchy-Schwarz inequality (theorem 2.7.4), we see that:

lo([a], [])] = le(b7a)| < \/o(b°b)\/e(a*a)
< o)/ olara) = |[Bllls - lllallls ,

showing that ||| < 1. Then there is an operator V' = vu*L(H,), where v,u €
L(H,), with [|[V]] <1 such that

(Vi | 4) = o [ud) =o(,d) Vo9 €H, .
From o(,v) = (V4 | 1) it also follows that V' > 0. It also holds that:
p(b*a) = a(la], [b]) = (v]a], [b]) = (vms(a)e, s (D)1s)

where we used 7(a)[b] = [ab] and theorem 2.8.8 for ¢(b*Va) in the last step. Let
a,b,c € A, then:

(@(a)V[b] | [c]) = (VO] | [a*c]) = o(c"ab)
= (V]ad] | []) = (Vmg(a)[0] | [c]) -
= 7T¢<CZ)V:V7T¢(CL) Vae A 4 V€7T¢(A>C .

Let (uy)xea be an approximate unit of A, then:

plura) = (Va] | fu]) = (Vmg(a)py | ms(un)ts) = (Vrs(ura)s | o) -
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In the limit, this shows that

pla) = (Vmg(a)vy | ) = (me(a)Viby | thg) -
For uniqueness, assume U € 74(A)¢ also satisfies
o(a) = (mo(a)U s | G4). Then

(Ulal, [b]) = (Ump(b*a)ibs | 1bg) = @(b%a)

= (Umg(b*a)iy | thy) = (Ulal, [0])

for all a,b € A and thus U = V. O

Corollary 2.10.4.
Choosing U = V* it follows that

p(a) = (Yo | m(a)Vi)y) -

Theorem 2.10.5.
Let (Hj,m;) for j = 1,2 be two representations of A with cyclical vectors ; € H,;.
Then there is a unitary operator U: Hy — Hs, such that 1y = Uty and ma(a) =
Umi(a)U* for all a € A, i.e. the representations are unitarily equivalent if and
only if

(mi(a)r | 1) = (maa)yp2 [¢2) Va€A.

Proof 2.10.6.
Assume that (m(a); | 1) = (ma(a)bs | o) for all a € A. Define a linear operator
Up: m(A)y — Ha by

Uo(mi(a)ipr) = ma(a)ibs .

From

[m2(a)oll® = (ma(a*a)iby | o) = (mi(a*a)yy | 1) = [Im(a)yu
showing that Uy is a well defined isometry. Let U: H; — Hs be the extension of

Up. Since U(H1) = ma(A)hy = Ha, it is an unitary operator. For a,b € A it holds
that

Uy (a)mi(b)ihr = ma(ab)ihy = ma(a)Umi (b))
= Um(a) =m(a)U VaeA.
Finally:

To(a) Uty = Umi(a)hy = ma(a)pa = ma(a)(Uthy —thy) =0.
As representation with cyclical vector, the representations are non-degenerate, and
thus le = @DQ.
The opposite direction is a direct calculation:
(ma(a)is | o) = (Umi (@)U s | tho)(mi (@)U "o | U 1¢ha) = (m(a)ipn | ¢n)
foralla € A O
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Theorem 2.10.7.
Let (H, ) be a representation of a C*-algebra and ¢ € H be cyclical with ||¢] = 1.
Then the function

¢p: A— C, ar— (Y | w(a)y)

is a state of A, and (H, ) is unitarily equivalent’to (He, 74).

Proof 2.10.8.

Since v is cyclical, the representation is non-degenerate and by corollary 2.8.2 it
holds that for an approximate unit (uy)aea the net (mw(uy))y is SOT convergent
against 14. By example 2.8.4 ¢ is a positive linear functional and theorem 2.7.10
applies, such that

9]l = lim ¢(ux) = lim(y [ 7(ur)p) = (¥ [ ) = [[¢]] = 1.
Hence ¢ is a state of A. Because of theorem 2.8.8 it follows that for all a € A

(Vg | To(a)is)s = dla) = (¥ | m(a)y)

which is the unitarily equivalence by theorem 2.10.5. [

Lemma 2.10.9.
Let M C L(H) be a von Neumann algebra. Then M is the smallest von Neumann
algebra that contains all projections p = p* = p?> € M.

Proof 2.10.10.

Let a = a* € M. By the spectral theorem for self adoint operators a is in the
SOT closure of the convex hull of its spectral projections, which are SOT limits of
polynomials of a. O

Theorem 2.10.11.
Let (H, ) be a non-trivial x-representation of A, then the following claims are
equivalent:

i) The representation 7 is irreducible, i.e. there is no subspace ) #V C H,
that is invariant under the action of w(A).

it) The representation 7 is topological irreducible, i.e. there is no closed subspace
) £V C H, that is invariant under the action of w(A).

5By unitarity it follows that w is invertible and thus an isomorphism, and by unitarity it is also an
isometry.
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iii) The only projection p = p* = p* € ©(A)° are 0 and 1y.
iv) It holds that m(A)¢ = Cly.
v) The set w(A) is SOT dense in L(H).
vi) For all ¢ € H with ¢ # 0 there is an a € A, such that w(a)y = €.
vii) Every vector 0 # 1 € H is cyclical.

viii) There is a pure state ¢ € S(A) and an isometrical isomorphism w: H — H,
such that ur(a) = m4(a)u for all a € A.

Proof 2.10.12.
i) = ii): This is obvious.

ii) = iii): Let p =p* = p* € m(A)°, then p(H) is closed and 7(A)-invariant, for
the same reason as eH in the proof of corollary 2.9.35. Hence p = 0 or

iii) = iv): From lemma 2.10.9 it follows that m(A)¢ is generated by p = 0 and

iv) = v): Assume that 7 is degenerate, then (w(A)H) # 0. Let p = p? = p* be
the projection onto (w(A)H)*, so p # 0. And since 7 # 0, p # 1. To see
that p € m(A)°c we observe that pm(a)y) = 0. On the other hand:

(W' | m(a)pp) = (w(a*)Y" | py) =0 = w(a)p=0

Hence 7m(a)p = pr(a) = 0. But this contradicts m(A)¢ = Cly, so 7 is
non-degenerate.

Let M denote the SOT closure of w(A). Since m(A) is a C*-sub algebra of
L(H) that acts non-degenerately on H, it holds that M = 7(A)“, by corollary
2.9.35. But since m(A)¢ = 7(A)¢ = Cly it follows that m(A)* = L(H) = M.
Hence m(A) is SOT dense in L(H).

v) = vi): Let T € L(H), such that T = ¢. Using theorem 2.9.41 for the finite
dimensional subspace V = (¢, {)c C H shows that there is an 7(a) € w(A)
with 7(a)|y = Ty. Hence 7(a)y = &.

vi) = i): Let ¢» # 0. The smallest invariant subspace, that contains 1, also
contains w(A)yY = H.

vi) = vii): By definition.

vii) = iii): Let 0 £ p=p* =p? € n(A)° and 0 # ¢ € p(H). Then w(A)Yp C p(H).
But by assumption, pi(A)y is dense in H, such that p = 1y.
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iv) = viii): By vii), ever non-zero vector is cyclical. Because of theorem 2.10.7,
we can assume (E, that (H,7) = (Hg, 1) for a state ¢ € S(A).

Let 0 <t <1and ¢ =to; + (1 —t)py for ¢1,¢9 € S. Then it holds that
0 < t¢y < ¢, such that by theorem 2.10.2, there is an x € 7(A)° with 0 < x
with
t0:(a) = (s | T(@)ats)  VaeA.
Then, because of iv), x = A1y for A > 0. It follows that (theorem 2.8.8):
to(a) = (Yy | Amy(a)ihy) = Ap(a) VaeA.
Thus t = ||td1|| = || A@]| = A, so either t = 0 or ¢ = ¢;. Hence ¢ is a pure

state.

viii) = iii): Let ¢ be a pure state and (H,n) = (Hy, 7y) the associated GNS -

representation with cyclical vector ¢ = 4. (E we can set [[¢]| =1 . Assume,
that there is a p = p* = p* € m(A)¢ with p # 0 and p # 1y. Let ¢y, ¢y
defined by

¢1(a) = (¥ | m(a)py) and  ¢z(a) == (¥ | 7(a)(Ly — p)¥)

for all @ € A. Hence, ¢ = ¢1 + ¢o. Since p and (13 — p) are projections and
by example 2.8.4 it holds that

$i(a’a) = [Im(@)py]|*  and  ¢u(a’a) = [[7(a) (L — )Vl |

showing that ¢, and ¢ are positive. If p(¢0) = 0, then p(r(A)y) = 0 and
thus p = 0, which is a contradiction to the assumption. Hence p(¢)) # 0, and
so (13 — p)(¥) # 0. For the operator norm it holds that (using corollary
2.8.2 and that the scalar product is continuous):

0<llpyll* =ll¢sl  and  0<[[((1n) —p)m(a)y]* =[xl -

But then
sl + llg2ll = I l* + [[((1x) = p)2lI®
= (¢ [ p) + () = )¢ | (M) — p)¢b)
=@y =" =1.
Since HizH € S(A), this shows that
_ _ ¢1 P2
is a convex sum. But since ¢ is pure, it follows (E that ¢y = ||¢1]|¢. Then

for all a,b € A:

(la] [ plb]) = (x(b)y | pr(a)ip) = (¢ [ m(a"D)pyh) = d1(a”D)
= [l¢1ll¢(a”d) = lIgll{[al | [0]) ,

showing that p = ||¢1||1%. But since p is a projection, it holds that p? = p,
so ||¢1|| = 1. This shows that p = 14, which is a contradiction. Thus the
claim follows.

[]
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Definition 2.10.13.
Let (H, ) be a non-trivial x-representation. It is called irreducible, if it satisfies
the equivalent properties form theorem 2.10.11.




K-theory

The K-theory of C*-algebras introduces introduces a sequence of functors, which can be arranged
in a long exact sequence. To formulate K-theory, as the usage of “functor” in the previous
sentence already suggests, concepts from category theory are useful. The concepts necessary
for our purposes are briefly introduced in the first section. The main result of K-theory is the
Bott-periodicity, discussed at the end of the chapter.

3.1 Category theory: inductive limit

In this chapter, the concept of inductive limit will be needed. Here, we will consider
the general construction for sets with algebraic structures. Although we do not intend
to develop category theory here, it presents itself as helpful to use the terminology:

3.1.1 Categorical language

Definition 3.1.1.

A category C is a collection of objects, denoted by Ob(C) and a set mor(A, B)
of maps between the objects A, B € Ob(C), called morphisms, such that the
following properties hold:

i) There is an identity morphism Id4 € mor(A, A).

ii) There is a notion of composition: o: mor(B,C') x mor(A, B) — mor(A, C),
that has to be associative.

iii) The identity acts as its name suggests, under these compositions.

The the objects form a set, the category is called small.

On example for a category is the category of C*-algebras, where the morphisms are
defined to be the *-morphisms (hence the name).

Definition 3.1.2.
A functor F': C — D is a map between categories C and D, such that

i) F: Ob(C) — Ob(D) , A— F(A)
ii) F: morc(A, B) — morp(F(A), F(B)) , f+— F(f)

iii) F(Ids) = Fia, and F(go f) = F(g) o F(f).

Functors can be summarized by the commutativity of the following diagram
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A—1 B
F F

F(A) — > F(B)

The type of functors defined above is called covariant. A contravariant functor
reverses the direction of F(f), i.e. F(f): F(B) — F(A).

Definition 3.1.3.

Let, F;G: C — D be two functors. A natural transformation of functors
a: F — G consists of maps ay: F(A) — G(A) for all objects A € Ob(C), such
that for all morphisms f € mor¢(A, B) the following diagram commutes:

Fa) 9 pB)

Ja

G(A) 0 G(B)

oA

>y

For the next terminology, we recall the concept of short exact sequences. The sequence

0—s At B9, 09

is called short exact sequence if

0=Ker(f), Im(f)=Ker(g), Im(g)=C".

Definition 3.1.4.
A functor is called exact, if it preserves exact sequences.

3.1.2 Direct limits

We have already met the notion of directed sets (definition 2.5.1). We define:

Definition 3.1.5.

Let C be a category. A direct system in C is the tuple ({C\}xea, @an), where A
is a directed set, {C\}, a family of objects and ¢,,, € mor(Cy, C},) are morphisms,
such that the following properties hold:

1) O = Ich for all A € A.

i) @ odr, = forall A <p<w.

By definition of morphisms, ¢,, o ¢y, € mor(Cy, C,). But it need not be the special
morphism ¢y, .
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Example 3.1.6.
A special direct system, used in this chapter is a normed direct system. Let A be
a category of normed algebras (or banach algebras, etc.) and ({Ax}aea, dru) &
direct system. If

||a||, = 1imsup “Qb)\u(a)HAu < 00 V a € A)\ s
BEA
then the direct system is called normed direct system. Also, || - ||’ is a semi

norm.
The limit superior for a net (z,,),ea in R is defined as usual:

limsupz, = limsupz, = inf supz, .
pEA HEN v>p HEA vy,

Since z, = ||¢ru(a)|la, is a net in R, the limit superior is well defined in the
definition of normed direct systems.

Definition 3.1.7.
Let ({Ch}ren, dau) be a direct system of a category C. An object C' is called the
direct limit C = lii{l C), of the direct set, if there is a morphism ®,: C), — C,

for all A € A, such that the following properties are satisfied:

i) For all A < p, the following diagram commutes:

C

commutes. Then there is a unique morphism &: C' — D, such that the
following diagram commutes for all A € A:

C

N
C z D

The conditions of the direct limit can be put in a single diagram:
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Ch C,
C

L2 Ja!g Uy
D

Theorem 3.1.8.
Let (C, ¢,) and (C', ¢,,) be direct limits of the inductive system
({Cr}ren, Oau) , then there is a unique isomorphism &: C' — C'.

Proof 3.1.9.
By definition of direct limits, there are unique morphisms

§:C — C" such that: £og, =g,
¢ C"— C such that: o¢, =9, .

We calculate that:

{oflog,=Cogy=¢,=1dyog, = (o0& =Ildu

and in the same way, that £ o & = Id 4, which shows that £ is an isomorphism. [J

The existence of direct limits is not guaranteed in general. However, in case of algebras

with direct set N, it can be constructed explicitly.

Theorem 3.1.10.

Let (A;)ien be a sequence of algebras, such that (A;, ¢i;) is a direct system of

algebras, then, if the direct limit exists:

lim A= |_|¢Ai/~ 9
—

with the equivalence relation x; € A;,x; € A;, x; ~ x;, if and only if there is a

k€N, such thati <k, j <k and ¢iu(z;) = ¢ji(z;).

Proof 3.1.11.
o First we show, that ~ is indeed an equivalence relation.
Reflexivity: Follows from the property that ¢; = Id4,.

Symmetry: Follows from the symmetry from =.

Transitivity: Let i, j < k, such that ¢;(z;) = ¢j(x;) and let k£ < £. Mul-
tiplying from left with ¢y, using the property of direct systems we

find:

e © Qi = D and Ore © P = Py
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= (dre © Pir) () = Gie(ws) = Pje(x5) = (Pre © D) () -

From this general property, transitivity follows.

« For the equivalence class of x; € A; we write [x;,i]. The algebra structure of
Ll 4i/~ is defined by:

(23, 1] + [, 5] = [Pir(s) + Pjn(x5), K]

and [z, i)[x;, j] = [P (i) Pjn(25), K]

for any k > i,7. For short we write ¢ for any of the operations here. Let
¢>1i,7 and m > k,{, then

G (Dir (i) © Djr(25)) = Gim (i) © Pjm(T5) = Pom(Pie(w:) © Pje(z5))

Hence ¢, (z;) © ¢ji(z5) ~ ¢ie(x;) © ¢je(x;). In the same way, using a larger
index and the property of direct systems, one can show that the algebraic
structure does not depend on the representative.

« Also we need to show that Ll;4i/~ has the same mapping property as the
direct limit. Let x; € A;, then ¢;;(x;) € A;. By the property of direct
systems, choose k > 1, j:

Gik(Ti) = (jr 0 @ij)(w:) & i ~ ¢ij(zi)

&z, 1] = [¢i(2a), 7] -
Let m: A; — Wi4i/~, x; — [x;,4], then by the equality [z;,i] = [¢s;(;), j]
the following diagram commutes:

Ai ®ij Aj

L, Ai/N

which is the desired mapping property.
« The m; are morphisms, because of [x;,i] = [¢;;(z;), j]:

am;(z;) + bmi(y;) = [ax;, 1] + [byi, 1] = [P (ax;) + du(by;), K]
= Qi (ax; + by;), k| = |ax; + by;, 1]
= m;(ax; + by;) .

The same calculation holds for the algebra product.

o Assume now, that there is (B,;: A; — B), such that ¢y, o ¢, = 1; for
all 7 < k. Then, it has to be shown that there is a unique morphism
55 I_liAi/N — B with 6 Oy = ¢j‘
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Existence: Define the function
f: L|Ai—>B , f(z;) =;(z;) forx; € A;.

Let @; ~ @i, then by definition of ~,
JPEN:j<O, k<t and ou(e;) = duela) -
Thus, it holds that
fxs) = ¥i(x;) = (Ve o dje) ;) = Ve(dje(w;)) = Ye(Pre(n))
= (v © Pre) (xr) = (i) = f(zn) -

This means that f only depends on the class [z, j] € U:4i/~. Hence, we can
define ¢: Ll;4i/~ — B by

gom=f, where m(z;)=mz;).
Then, we find that ¢ satisfies:
(§om;)(x;) = (§om)(x;) = f(x;) = hj(x;)
- §omj =1,

Morphism property: Let z,y € Ll; 4:;/~, then because of ~, and the algebra
structure, there are j, k € N, such that = = [z;, j] and y = [z4, k].

§(xoy) = (i d] o ), 1) = E([Pin (i) © Pj (i), K])
E(m(Pin(wi) © Pj(an))) = (§ 0 m)(Pik (1) © Py (1))
F(@u(w:) © dji(an)) = Y(din(wi) © dju(wr))

= (V1 © Qi) (x:) © (Vi © Pji) () = V() © ¢y ()
f(xi)o f(z) = (§om)(z:) o (§om)(xy)

3 )o&(y) -

(z
([zi,1]) © ([, 5]) = &(x

Uniqueness: Assume now, that ¢: Ll; 4/~ — B be another morphism, such
that ( om; = 1);. Let o € L; 4i/~, i.e. & = [z, k] for a k € N. Tt follows that:

C(x) = C([wn, k) = ((mi(r)) = j(zr) = far) = E(me(ar))

Corollary 3.1.12.
Let (A;, ¢ij) be a direct system of algebras. For every a € li_rr>1 A; there is are ] € N
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and x € A;, such that a = ®;(x).

Proof 3.1.13.
This is a direct consequence of the theorem. O

Example 3.1.14.
Let A be an algebra and define A,, = A and ¢,,, = Id4, then (A,1d4) is a direct
system but also satisfies the mapping property (with ®, = Id,4):

Assume now, that (A, ¥,) is the direct limit, then there exists a unique morphism
w: A — A, such that po U, = Idy:

A, = A -2 A

s | /

A

However, then injectivity and surjectivity of ¢ are immediate. Hence A, = A.

Corollary 3.1.15.
Let (A;, ¢ij) be a direct system of algebras, and let (A, ®;) be the direct limit. Then,
if the ¢;; are injective, the ®; are also injective.

Proof 3.1.16.

Let (B, ;) be the direct limit from construction of theorem 3.1.10. Let = € A;
and y € A;, such that m;(x) = 7;(y). This means, that x ~ y. By definition of the
equivalence, there is a N 3 k > ¢, 7, such that ¢ (x) = ¢jx(y).

So if z, 2’ € A;, such that m;(z) = m;(2'), it follows that there is a N 5 k > 4,
such that ¢;.(z) = ¢ix(2’). Yet, the map ¢y is injective, and thus x = 2’. Hence
m; is injective.

Since the direct limit is unique up to isomorphy (theorem 3.1.8), it follows that
the ®; are injective, by the commutativity of the following diagram:

> X

A B

o
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]

In fact, the first k spaces of a direct system over N do not contribute to the direct
limit, i.e. can be neglected as the next lemma shows:

Lemma 3.1.17.
Let (An, dmn) be a direct system with limit (A, ®,). Then for any k € N, the
direct system ({An}tnsk, ®mn) has the same direct limit.

Proof 3.1.18.
If (A, ®,) satisfies the mapping property of (A, ¢mn), it necessarily does so for

({An}n>k, ¢mn)

From corollary 3.1.12 it follows, that for all a € A, there is an a,, € A,,, such
that ®,,(a,,) = a. If now m < k, consider n > k and define a,, := ¢, (a,,), then

q)n(an) - (CI)TL © ¢mn)(am) — q)m(am) =a.

Hence, the direct limits of (A,, dmn) and ({Ap}nsk, @mn) contain the same elements.
]

Lemma 3.1.19.

Let (Apn, dmn) and (B, Ymn) be algebraical direct systems with direct limits (A, ®,,)
and (B,V,). If there are morphisms p,: A, — B,, such that the following
diagram commutes

then there is a unique morphism p: A — B, such that the following diagram

commutes:
A, —— B,
d, Uy
A T B
Proof 3.1.20.

Let a € A, then there is an a, € A,, such that ®,(a,) = n. Define ¢p(a) =
o(Py(an)) = VY, (on(ay)). Then, the diagram commutes by construction.

Let now a/, € A,,, such that also a = ®,,(al,). From the explicit construction of
the algebraic direct limit (theorem 3.1.10) it follows, that there is a N 3 k& > m,n,




90 Chapter 3 K-theory

such that ¢nx(an) = dmr(al,). Thus

P(Pn(an)) = ((Pe(Pnr(an)))) = Vr(r(Pnr(an))) = Vr(or(Pme(ar,)))
= @(Pu(Pmr(ay,)) = o(Pm(ar,)) -

This shows that ¢ is well defined.
Let now f: A — B be another morphism, such that the morphism commutes.
Then we see that

fla) = [(Pulan)) = Vulpnlan)) = o(Pnlan)) = ¢(a) ,

so f = . Hence, ¢ is unique. [

Lemma 3.1.21.

Let (A;, ¢ij) be a normed direct system over N and N = {a € A | |la||'=0}. IfA
is the direct limit of algebras and || - ||~ the quotient norm, then (A/n,| - ||<) s
the direct limit of normed algebras, called normed direct limit.

Proof 3.1.22.

From corollary 3.1.12 it follows that for all @ € A, thereisan ¢ € N and z; € A;, such
that a = ®;(x;). Thus we set ||a||’ = ||z;]|. With this definition, the projections
in the proof of theorem 3.1.10 become continuous. Hence, we can assume the ®;
to be continuous, i.e. to be morphisms in the category of normed algebras. To
show that this is well defined, we assume, that there are j € N and y; € A;, such
that a = ®;(y;) and (E j > i. Since A is the algebraic direct limit, it holds that

0;(y;) = a = @iz:) = ©5(di(wi)) =y = i)
Then, with the definition of || - ||" and the identity ¢ 0 ¢;; = ¢ for i < j < ¢:

. /: 1 . . — 1 . .. .
51 = i sup )| = Jim sup (s ()]

= lim sup || @ie(z;)[| = [lz:]" -
— 00 sz.
Hence ||a||" is well defined. Since || - ||’ is a semi norm || - ||~ becomes a semi norm

on 4/n. It remains to show positive semi definedness:
Assume that ||a + N||. = 0, then

0= lla+ Nl = inf la+nl" < inf o]+ [In]]" = [a]".
n n

But this means, that a € N, i.e. [a] = [0]. Conversely, for a = 0 it follows that
la 4+ N~ = 0. Hence (4/n,] - ||~) is a normed algebra. O
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3.2 Local C*-algebras

Let A be a normed Algebra. The matrix algebra M, (A) is the set of n X n-matrices
with coeflicients in A and the usual structure of matrices. Because of the norm of A,
there is a norm on A", defined by

\wuz—azux]rz Vo= (21,00, 30) € A"

The operator norm M, (A) is defined as usual:

[A]l == sup{[|Az]l2 [ 2 € A", [lx]ln <1} .

Remark 3.2.1.

For the next technical definition, we mention, that there are ways to define the
spectrum of non-unital banach algebras. Also, we have considered the functional
calculus for C*-algebras so far. However, it exists for Banach algebras as well,
known as the Riesz functional calculus.

Definition 3.2.2.

Let A be a normed algebra. It is called local Banach algebra, if the following
holds: .

Let n € N and M,,(A) be the metric completion of the matrix algebra to a Banach
algebra. Let f be a holomorphic function defined on an open neighborhood U of
the spectrum o (A)( a) and f(0) =0, if 0 € U. Then, f(a) € M, (A). One says,

M, (A) is closed under holomorphic functional calculus.

Note that M;(A) = A. The restricting property of this definition is, that f(a) is only
in M, (A) a priori.

Definition 3.2.3.
Let A be a normed x-algebra, that is a local Banach algebra. It is called local
C*-algebra if

la*all = [lal*, VaeA.

Although more examples can be given, a straightforward example for a local C*-algebra,
by what we have covered so far, is a C*-algebra.

Lemma 3.2.4. R
Let A be a unital local Banach algebra. If a € A is invertible in A, then aleA,
i.e. AX = AN A*. It follows that o 4(a) = o3(a).

Proof 3.2.5.
Consider the function f(z) = z~'. Since a is invertible in A, it holds that 0 & o4(a),
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such that f is a proper holomorphic function to be considered. By assumption, A

is a local Banach algebra, such that f(a) = a™! € A.
0

Corollary 3.2.6.
Let A be a unital local Banach algebra. Then the invertible elements of A are

dense in the invertible elements of A.

Proof 3.2.7.
The completion of A is a Banach algebra, and since it is unital by assumption, the

set of invertible elements Inv(A) of A is open because of lemma 1.4.7.Also, A is
dense in A. Let a € A be invertible, then, for every open neighborhood U C InV(A)
of a, there is an b € A, such that b € U. This means, that b is invertible in /Al, and
by the previous lemma, it is invertible in A. n

Lemma 3.2.8.

Let ({Ax}puen, b)) be a normed direct system of unital algebras and ¢, unit
preserving (i.e. unital normed direct system). Let A be the normed direct
limit and a € A,,. If ®,(a) € A is invertible, then for all X > p, there is a v > X,

such that ¢, (a) € A, is invertible in A,.

Remark 3.2.9.
The idea behind the peculiar formulation “for all A > p, there is a v > X7 is, that

there is not only one large v, such that ¢,,(a) € A, is invertible in A,, but that
one can find arbitrarily large v’s that yield the invertibility.

Proof 3.2.10.
Being invertible means, that there is a ¢ € A, such that

c®,(a)=1=2,(a)c.

By corollary 3.1.12, there are A € N and b € A, such that ¢ = ®,(b). Let (E
A > p, otherwise choose O/ = ¢\ (b), which is possible because of

c=Px(b) = Pa(dan (b)) = Pu (V) -
With ®,(a) = ®x(¢un(a)), it follows that
11 = 2a(ur (@) PA(D) " = |1 = PA(D)PA(Sur(@))[ =0 .

By definition of || - ||" we need to consider |[¢,(1 — ¢,a(a)b)| for large p. Since
¢u)\(l> =1 and (b)\u o (bu)\ = ¢uu:

P20 (1 = Pur(@)D)[| = l[920(1) = Dro(Bpua(@)) D2, (D)l
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= [[1 = Gpp(a)rn (D)

And similarly

[o20(1 = bPur(a)) || = 11 — dxp(b)Pp(a)]] -
Both terms tend to zero for p — oo, such that for every ¢ > 0 there is a v > A,
such that

max (|1 = ¢ (@)ru () [|; [[1 = Or(0) b (@)]) <& -

|
Choosing ¢ < 1, theorem 1.4.20 shows that ¢,,(a)¢r, (b) and ¢y, (b)¢..(a) are
invertible in A,. Thus, also ¢, (a) is invertible in A,. O

Lemma 3.2.11.
Let ({A,}uen, &) be a normed direct system and A the normed direct limit. If
all A, are local Banach algebras then A is a local Banach algebra.

Proof 3.2.12.
Normed direct limits and unitalization commute. Also, promotion to a matrix
algebra of finite size and normed direct limit commute, by defining the maps
component wise. Hence, we only need to show that A is closed under holomorphic
functional calculus. And we can assume ({A,},en, @) to be a unital normed
direct system.

Let a € A and f holomorphic on an open neighborhood U of 0 4(a). Let b € A,
such that ®,(b) = a and let D be the closed disk, that contains U and has radius

R > limsup ¢ (O)] = [2.O)]" 2 fla+ N~ = [la]| -

Choose z € D\ U, then z1 —a is invertible in A by definition of U. Then by lemma
3.2.8, there is a v > p, such that z1 — ¢, () is invertible in A,. Consider the map

g:C— A, , wr—w1—0¢,().

With corollary 1.4.22 and lemma 3.2.4 it follows that AX = A, N AX is open.
Since g is continuous, g~'(AX) is open. Thus, there is an open neighborhood V' of
z € g71(A)), such that w1 — ¢, (b) is invertible in A, for w € V.

Since D \ U is compact, every open cover has a finite subcover, i.e. there are
only finitely many V. Hence, there is a v > p, such that w1 — ¢,, () is invertible
in A, for all w e D\ U. Put differently, u — ¢, (b) is not invertible for v € U:

T av(d (b)) C U .

By assumption, A, is a local Banach algebra and thus f(¢,.(b)) € A,. Also, by
assumption, f is holomorphic on U and thus is analytical on U. Writing f as
power series, and since @, is a normed morphism, i.e. continuous, one sees that f
and ®, commutes:

fla) = f(@u(b) = f(Pu(du (D)) = Pu(f(u(D))) € A .

Hence, A is closed under holomorphic functional calculus. ]
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Theorem 3.2.13.
Let ({A,}uen, duw) be a normed direct system and A the normed direct limit. If
all A, are local C*-algebras then A is a local C*-algebra.

Proof 3.2.14.
From lemma 3.2.11 it follows that A is already a local Banach algebra. It remains
to show, that the norm || - ||’ satisfies the C*-property.

Let a € A, then a = ®,(b). Since all A, are local C*-algebras, it holds that

10, (0) Sy (D)l = |1 (DI -

Hence:

laall” = Tim sup || 3, ()" Gy (0) || = Tim sup [| 6,0 ()|* = flal|* -

Definition 3.2.15.
Let A be a local C*-algebra. Consider the direct system over N, that is defined
by the sequence

Brmit: Ma(A) — Mopi(4), ars (g 8) .

The algebraic direct limit M., (A) is called infinite matrix algebra.

The ¢,, 41 define a direct system by defining the ¢,,,, inductively:

¢mn = ¢m,m+l o ¢m+1,m+2 6...0 ¢n—l,n .

Corollary 3.2.16.
The limit semi norm || - || is a C*-norm on My (A). Hence My (A) is a local
C*-algebra.

Proof 3.2.17.
The maps ¢,,, of the direct system are injective x-morphisms and by theorem
2.6.10 isometries. Thus, for a = ®,,(b) € My (A), with b € M,,(A), it holds that

lall" = Tim sup [¢pmn (b) ]| = lim sup [|b]] = [[b]] -
neN neN
Since || - || is already a proper norm, so is || - || here. Hence M (A) is also the

normed direct limit. By theorem 3.2.13, M, (A) is a local C*-algebra. O



3.2 Local C*-algebras

95

Lemma 3.2.18.
It holds that
L My (4) & lin My (M, (4))

Proof 3.2.19.
First, we observe that M,,(M,(A)) = M,.,(A). We are considering two different
direct systems (M, (A), i) and (M,,(M,,(A)), ¢..i), where ¢! . = Gpon on-

Let (M« (A), ®,,) be the direct limit of (M,,(A), pxm), then the following diagram
commutes for £k > m:

My, (M, (A))

Py
¢m»n,k~nl N

My (My(4) 5 Meo(4)

So with ®/ = ®,,.,, the tuple (M, (A), ®) ) satisfies the mapping property of
direct limits for (M, (M,,(A)), @] ..)-

Let now (M (M,(A)), ¥,,) be the direct limit of (M,,(M,(A)), P), then, by
definition, there exists a unique morphism ¢: My (M, (A)) = My (A) , such that

the following diagram commutes:

My (M, (A)) =" Moo (M, (A))

It remains to show, that ¢ is bijective:
Injectivity: The ¢,,, are injective and thus, by construction, the ¢/ . are injective
as well. From corollary 3.1.15 it follows that ®,, and so ®/ as well as ¥, are
injective.

Assume now that p(a) = 0 for a € My (M,(A)). (E there is a a,, € M,,(M,(A)),
such that a = V,,,(a,,). From the injectivity of ®/ it follows that

0=pV,(an) =2 (¢n) = a,=0 = a=Y,(a,) =0,

which shows injectivity.
Surjectivity: Let b € M. (A), then (E there is an b, = by, € Mypn(A) =
M, (M, (A)) =, such that

b= B (bn) = O () = @ (V) .

Hence
b=, (b,) = (¥ (V)) ,

which shows surjectivity. ]
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Definition 3.2.20.
The completion of M, (A) is denoted by A ® K and called stabilization of A.
A C*-algebra is called stable, if it is isomorphic to its stabilization.

The notation for stabilization has the following reason:

Lemma 3.2.21.
Let H be a separable Hilbert space and let KK(H) denote the compact operators on
H. Then it holds that

AK 2 AQK(H) .

Proof 3.2.22.
Let |n) be a Hilbert basis of H. Consider the injective map

D0 My(A) — AQK(H) , (ay)— > ay®@|i—1)(—1].

1<ij<n

One readily checks, that ®,, is a *-morphism. Consider the direct system (M,,(A), ¢mn)
of matrix algebras from definition 3.2.15, then

My, (A)

NN

M, (A) —— A®K(H)

commutes. Furthermore, since My, (A) is the direct limit of (M, (A), yn), there is
a unique s-morphism &: M, — A ® K(H), such that

M, (A) —2— M

q)nl Jue

A®K(H)

commutes. The ®, and ¥, are injective (see corollary 3.1.15). For every a €
M (A), there is a a, € M,(A), such that ¥, (a,) = a. Let a,b € M, (A) with
E a,,b, € M,(A), such that ¥, (a,) = a and ¥, (b,) = b (use ¢, otherwise).
Assume that &(a) = £(b), then, from the injectivity of ®,, it follows:

{la) =€) < &(Wn(an)) = &(Vn(bn))
s Du(a,) =P,0,) & a,=b,
& a=VY,(a,) =V,(b,) =0.

Hence £ is injective. Because of £ o U,, = ®,,, the surjectivity of ¥,, and the fact,
that ®,, is a map on the sum of Hilbert basis elements, it follows £ is a map on an
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arbitrary sum of Hilbert basis elements. Thus Im(§) is dense. Since ¢ is injective, it
is an isometry (see theorem 2.6.10). By the bounded linear transformation theorem,

the extension £: My (A) — A ® K(H) remains an isometry. So £ is still injective.

~

Furthermore, since Im(¢) is dense, so is Im(§). M (A) as C*-algebra is closed,

~

and thus Im(§) € A ® KC(H) is closed by corollary 2.6.12. Yet Im(§) was dense, so

~

Im(§) € A® K(H). Summarizing, £ is a bijective -morphism, i.e. an isomorphism

e

£ My(A)=A0K = AQK(H) .
O

Let G be a topological group, with norm topology. Then, we write GGy for the connected
component of the unit element of the group.

Remark 3.2.23.

Let H C G be subgroup of (G, o) that contains the unit element 1 € H. Let
B.(1) C H and h € H. Then ho B.(1) C H and ho B.(1) = B.(h). Hence H is
open. For the same reason, the cosets g o H are open in G.

Let + € G\ H, then zH is a neighborhood of x. Assume that zh € H, then
(xh)h~' =z € H, which is a contradiction. Thus xH NG \ H = ), which means
that H is also closed.

Lemma 3.2.24.
Let A be a unital local Banach algebra and A* the set of invertible elements. Then
A§ is the subgroup of A*, generated by the elements e* for x € A. If A is a local

C*-algebra, then U(A)q is generated by the elements e*, where x € A such that
Tt = —zx.

Proof 3.2.25.
For x € A it holds that e* € A*. Furthermore, t — €™ describes a path from 1 to
e”, hence for all x € A it holds e* € A*. The Taylor series of the In-function has a
radius of convergence of 1 around 1. Thus, the open Ball with radius 1 around 1
By (1) is in the image of the exp-function.

This means, that B;(1) C H, where H is the subgroup generated by exp(A).
Hence, by remark 3.2.23, H is open and closed at the same time, i.e. clopen. A

result from topology is, that the only clopen sets of a connected set are () and the
set itself. Hence exp(A) = A{.

The claim for local C*-algebras is proven in the same way. O

Y

Corollary 3.2.26.

Let ¢: A — B be a unital, surjective, bounded morphism of unital local Banach
algebras. Then it holds that ¢(AS) = By .

If A and B are local C*-algebras and ¢ a *-morphism, then ¢(U(A)y) = U(B)y.
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Proof 3.2.27.

The exponential function has a Taylor series with infinite radius of convergence.
Hence, continuous morphisms ¢ and exp commute. Since A = exp(A) and
Bj = exp(B), the claim follows. Similarly for local C*-algebras. O

3.3 Equivalence of idempotents and projections

Motivated by the characterization of projections (remark 2.9.19) we define:

Definition 3.3.1.
Let A be a x-algebra. A projection is an element p € A with p?> = p = p*. The
set of projections is denoted by Proj(A).

If the algebra is not a x-algebra, i.e. lacking a notion of p*, one can still use the condition
of p? = p:

Definition 3.3.2.
Let A be an algebra. An idempotent is an element e € A, such that e? = e.
The set of idempotents is denoted by Idem(A).

Note, that the projections in a *x-algebra are the self adjoint idempotents.

Lemma 3.3.3.
Let e € Idem(A), then it holds that o ;(e) = {0,1}.

Proof 3.3.4.
We calculate:

ele—A1)=e—Ade=(1—-Ne,
and (1—e)(fe—A1)=(1—ele—(1—e)d=—-A1—¢€).

Define a = {25¢ — 5(1 — a), which is well defined for A € {0,1}. Then:
ale—A1)=...=1=(e— Al)a.
But this means that e — A1 is invertible for all A € C\ {0, 1}. O

Definition 3.3.5.
Let e and f be idempotents. We say that they are:

algebraically equivalent (e ~ g), if there are z,y € A, such that e = zy and
f=yzx




3.3 Equivalence of idempotents and projections 99

similar (e ~, f), if there is an invertible element z € A in the unitalization,
such that zez™! = f.

homotopic (e ~j f), if A is normed and there is a norm continuous path
e;: [0,1] — Idem(A),

such that eg = e and e; = f. The path ¢, is called homotopy.

The name “algebraically equivalent” can be understood frostudy musicm the following
implication:

e~ f = ye=yxy=fy and er=axyr=xf.

Definition 3.3.6.
Let p and ¢ be projections of a C*-algebra. We say they are:

Murray-von Neumann equivalent (p ~,; q), if there is a partial isometry u €
A, such that p = v*u and ¢ = uu*.

unitary equivalent (p ~, q), if thereis a u € U(A), such that, upu* = ¢, where
U(A) denotes the set of unitary elements in A.

As with algebraically equivalent idempotents, MvN equivalence implies:
D~ q = put =vwuut =u'q and up = uu'u = qu .

Although some of the following statements will be true for local Banach algebras, we
assume A to be a local C*-algebra for simplicity, if not stated otherwise.

Remark 3.3.7.
The relations ~, ~j and ~, are equivalence relations.Furthermore, the following
implications hold:

~y =g and ~N U~ .

3.3.1 Results for idempotents

Lemma 3.3.8.
Let e, f € Idem(A), with e ~ f. Then there are x,y € A, such that all of the
following identities are true at the same time:

e=zy, f[f=yxr, x=exf and y= fye,
Then it also holds that:

r=ex=uxf and y=fy=uye.
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Proof 3.3.9.
e ~ f means, that there are a,b € A, such that e = ab and f = ba. Choose
r:=-eaf and y = fbe. Then

exf=¢é*af’ =eaf =z, fye = f2be* = fhe =y .
Also it holds that
ry = eaf’be = eafbe = eababe = ¢* = ¢ |
and similarly yx = f. For the last equations, calculates

ex=e’xf=exf=x and zf=exf’=exf=ux

and similarly for y = fy = ye. O]

Corollary 3.3.10.
The relation ~ s an equivalence relation.

Proof 3.3.11.
Reflexivity and symmetry follow immediately. It remains to show transitivity. Let
e~ fand f ~ g. Then, because of lemma 3.3.8 there are z,z, 2z, w € A, such that

e=wy, [=yr=zw, g=wz, y=fye,

z2=fzg and w=gwf .

Then:
(x2)(wy) =xfy=axy=e and (wy)(zz)=wfz=wz=g

which means that e ~ g. [l

Definition 3.3.12.
Let e, f € Idem(A), then e and f are called orthogonal (e L f), if ef = fe =0.

A special case is e L (1 —e) in A.

Corollary 3.3.13.
Let e;, f; € Idem(A) fori = 1,2, such that e; ~ f;, ey L ey and fi L fo. Then it
holds that ey + ex ~ f1 + fa.

Proof 3.3.14.
Let z;,y; € A, such that

€ = 1Y , fz' =yx;, T;=ez;f; and y; = fiyiei .
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Then for 7 # j it holds that
vy = xififjy; =0
and similarly y;z; = 0. Hence

(1 4+ 22) (11 + y2) = T141 + T2y2 = €1 + €
and  (y1 + vy2) (@1 + 22) = 121 + w2 = fL + fo

= e +te~fit+fo.

Theorem 3.3.15.
It holds that e ~4 f, if and only if e ~ f as well as 1 —e ~ 1 — f.

Proof 3.3.16. B
=>: It holds that f = zez7! for 2 € A. Let x := ez~! and y := ze, then it follows

that

Ty = ez lze=e*=¢ and Yr = ze’zl=zez l=e.

Hence e ~ f. From z(1 —e)z~" =1 — f it follows that also 1 —e =1 — f.
<: Letx,y € Aanda,bée A, such that

e=wzy, [=yzr, xz=exf, y=fye,

1—e=ab, 1—f=ba, a=(1—ea(r—f), b=1—-flyr—e).
It holds that
zb=zf(1—f)b=0 and ya=ye(1—e)a=0,

= (z+a)ly+b)=azy+ab=e+1—e=1.

Similarly one finds (y + b)(z + a) = 1. Hence z = (z + a) € A is invertible with
inverse z~! = (y + b). It holds that

af =(1—e)a(r—f)f=0 and fb=0.

Thus we find
zfzt=(@+a)fly+b)=afy=ay=c.
Hence, e ~; f. O]

I Theorem 3.3.17.
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Let e ~ f, then it holds that (8 8) ~ ({; 8) in My(A).

Proof 3.3.18.
Let z,y € A, such that

e=wxy, [=yxr, z=exf, y= fye,

and define

_[(1—e e 1—f Yy
w.—< e 1—6)( x 1—e>'

With x = ex = xf and y = ye = fy, it holds that

ra=f)=@-e)r=0=yl—-e)= 01— fly,

2
(i1 —=f (11— fHyx 0 10
= zw-( x 1—6) _< 0 xy+1—e) (O 1)’

In the same way, one sees that wz = diag(1,1), which means that w = 271, A
direct calculation shows that:

(o) =027 )@ )
GoC.m)-=00)

Lemma 3.3.19.

Let e, f € Idem(A), such that ||e — f|| < m Then it holds that e ~4 f and
€ ~p f

Proof 3.3.20.
Define v == 1+ (2¢ — 1)(2f — 1) and z := sv. Then

1
1—(26—1)(e—f):(Qef—e—f+1):§v:z.
By assumption it holds that

1
1(2e = 1)(e = NIl < [12e = 1]} - fle = £l < [[2e = 1]]

- =1,
[2¢ — 1]]
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such that z is invertible in A (theorem 1.4.20). We calculate:
ez=e(ef —e—f+1)=2ef=Q2ef—e—f+1)f==2f
= zfzl=e¢ = e~,f.
Define a path from 1 to z by
wy =tz +1—t1€ A

and let e, = w; 'ew;. Then e, € Idem(A) and

co=1'er=e¢ and e =zlez=f.
Thus e ~y, f. O

3.3.2 Results for projections

Lemma 3.3.21.
Let p, q € Proj(A), then the following statements are equivalent:

i)p<gq. i) pg=qp =0p .
i) IXNERS: p< g . ) q—p € Proj(A) .
Proof 3.3.22.
i) < ii):

The direction “=" is immediate. For the opposite direction, the case A <1
is also immediate. So let A > 1 and consider p and ¢ in A, which is a proper
C*-algebra.

By theorem 2.4.20, the function f(r) = /7 is operator monotone increasing.
So from p < \q it follows that

VP < VAV .
With p = p? it follows that /p = +/p? = p and in the same way ¢ = /g, it
follows that
p<Vig.
Repeating this step leads to
p<ATq VneN.

Since A, is closed (theorem 2.4.9), the limit of Azig —p > 0 for n — o0 is
also in A,. This means:

qg—p>0 & p<gq.

Since p, ¢ € A, this does also hold in A.
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i) = iii):
Since ¢ is a projection, it holds that ||¢|| < 1 and because of lemma 2.4.11
qg< 1
P<qg=<1.

Conjugation with p leads to
p=ps<pp=p = p=pgp.

Next we calculate:

lgp — plI* = |I(gp — p)*(gp — P)|| = |(pq — p)(qp — p)||
= |lpgp — pap — pap + p|| = |lpap — p||
=|p—pl=0.

Thus p = ¢p and so p = p* = p*¢* = pq.

i) = iv):
The *-map is linear,such that

(@—p)"=¢—-p"=q—p.
With property iii) it follows that
(@—p)?=+p" —pg—ap=q+p—p—p=q—p.
Hence ¢ — p is a projection.

iv) = i):
Let r be a projection, then r? = r. Consider the function f(¢) = t*>. Then

oz(r) = a(r®) = a(f(r)) = f(o(r)) C Rxo.
This shows that » > 0. Hence, since ¢ — p is a projection:

qg—p=>0 & p<gq.

Theorem 3.3.23.
Let p,q € Proj(A). Then p ~ q if and only if p ~n q. In particular this means

that ~ s is an equivalence relation.

Proof 3.3.24.
Let x,y € A, such that p = zy ,
lemma 2.4.11 and ||z*z|| = ||z||* it holds that

q=vyxr, x=prq and y = qyp . Using

p=pp=yriay < |z|’yy .
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In pAp the unit element is 1,4, = p, so the inequality reads by definition of positive
elements:

0< 21y y — 14y & opap(ll2l*y"y — 14p) C [0,00)

& opplllzl*yy) € [z 00) -
By definition of the spectrum, this means that y*y — 21,4, is invertible for z = 0,
i.e. y*y is invertible in pAp.This is well defined, since

y*y = (ayp)"(ayp) = pyayp € pAp .

The function |71| has a multiplicative inverse for » # 0 and is continuous on

Opap(y). With lemma 2.3.12 this means that there is an r € pAp, such that
rly| = |y|r = 1,4, = p. Since r € pAp it also holds that r = prp. Furthermore:

p=p =yl ="yl =yl = =2
Define u := yr, then it holds that
utu=ryyr =rlyfr=p*=p,
i.e. u*u and wu* are projections, because of lemma 2.9.31. It also holds that
ulyl = yrlyl = yp

where we used lemma 3.3.8 in the last step.
On the one hand:

quut = quriy* = yr’y* = wu* and  wutq = yriy*q = yriy* = wu* .
By lemma 3.3.21, this means that uu* < ¢. On the other hand
¢=qq" = yra'y' < |fPyy’ = [elPulyPut = [l2] ey yu
< ll*lylfuu”

where we used that y*y < |ly*y|l1 = ||y||*1. Again, by lemma 3.3.21 this means
q < uu*
But then ¢ = uu*.

Theorem 3.3.25.
Let p,q € Proj(A) with p ~, q, then it holds that p ~y; q.

Proof 3.3.26. ~
By assumption it holds that upu* = ¢ for a u € A. By lemma 2.1.7, A is an ideal
in A, such that v = up € A. We calculate

vkv=pusup=p>=p and vv* =uppu* =upu* =q,

= p~mq .
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Theorem 3.3.27.
Let p,q € Proj(A), then p ~ q if and only if p ~, q

Proof 3.3.28. B
=: Let ¢ = zpz~! with z € A*. Then zp = ¢z and thus pz* = 2*q. It follows
that pz*z = 2*qz = z*zp, and so pvz*z = vV z*zp.

p=p = zp=zp = zpz*2) V7 =qz

p(z"2)" 3 = qz

wh—t

= z("z)”
= z(z*z)_%p:qz(z*z)_%

Define u = z(z*z)"2. With f(a)* = f(a) it follows that (y/~ is real for normal

elements):
w’ = 2(272)7F ((272)78) 2 = a(272) R (7)Y
:Z(*Z)l*: 27(2*)1 =1
In the same way one calculates u*u = 1. Hence u is unitary. So:

up=qu = upu'=q = P~y (q.

=>: This is trivial since uv* = u~!.

Corollary 3.3.29.
Let p,q € Proj(A), such that ||p — q|| < 1, then it holds that p ~y, q.

Proof 3.3.30.
By assumption 2p — 1 is self-ajoint. Furthermore, it is unitary:

2p—1)*2p—1)=4p* —2p—2p+1=dp—dp+1=1=(2p—1)(2p— 1)
Thus it holds that
L=l =I(2p — )" (2p — V)| = (20 — DII” .

Hence |p—¢q|| <1=||(2p—1)| = M@y Lhe rest follows from lemma 3.3.19. [

(2p [

Corollary 3.3.31.
Let e ~p, f, where e, € Idem(A) denotes the homotopy. Then there is a norm
continuous path z, € A* with 2o = 1 and z; "ez, = e, for all t € [0,1], i.e. it holds
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that e ~g f.
If e and f are projections, and e; € Proj(A), then one can assume that z, € U(A).

Proof 3.3.32.
Choose M > 0, such that [[2e;, — 1|| < M forallt € [0,1]. Let 0 =t; <t < ... <
t, = 1, such that |le, — e, || < 55 for e,r € [t;,t;11]. Define:

vl =1+ (2e;, —1)(2e; — 1)
uj = v t € [tj,tim] -
Zp =y . .u{jlu{
From lemma 3.3.19 it follows that ui € A*, such that z, € A% is well defined. With
ugj =1+ (2e;, —1)(2e,, —1) =1+ 4dey, — 2, —2¢,, =1

it follows that
0 j 0 j +1
ug, - .u{Hl =uy .. .u{j+1u§ it
which shows that z; depends continuously on ¢. Similar to the prove of lemma

3.3.19, one shows that
j—1 j—1 _
(us )etj—lus =€t 1+s

= oz ley = (u{)_l(u{j_l)_l o (ug) ey UL,

for t € [tj, tj+1].

+1
w =e .

Theorem 3.3.33.

. e 0O f 0\ .
Let e ~ f, then it holds that (0 0) ~n (O O) in My(A).

For the proof we follow [Bla&6, proposition 3.4.1 and 4.4.1].

Proof 3.3.34. B
By assumption there is a z € A%, such that f = zez~!. Define the invertible path

Uy = (COS@) - sin(gt)>

sin(5t) cos(5t)

and consider w, = diag(z,1) u; diag(z~!,1) u;'. One easily checks, that w; is a
homotopy for diag(1,1) and diag(z,z!). Now set e; = w,diag(e, 0)w; ', then:

=66 D-60)

e = diag(z, 27') diag(e,0) diag(z~ ', 2) = diag(zez*,0) = diag(f,0) .

and
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Corollary 3.3.35. N
There are paths, such that for x,y € A and z € A* the following holds:

(2969
N

Furthermore, for x,y € U(A), the homotopies are in Uy(A) as well, and for

z € U(A) it follows that
10 z 0
0 1) "o 2z

Proof 3.3.36.
Let u; and w; be the paths from the proof of theorem 3.3.33. Furthermore

define p, := diag(x, 1)u,diag(y, 1)u; ' and v, = w,diag(z, y)u; ', then they are the
homotopies for

pr: diag(zy,1) to  diag(x,y)
w:  diag(z,y) to diag(y,x)
wy:  diag(1,1)  to diag(z,27")

Since u; € Us(A) already, the paths are unitary, if x,y, z are. Furthermore, the
last homotopy relation follows from z* = 271, n

3.3.3 Conclusion

The results of this section are summarized in the following theorem:

Theorem 3.3.37.
Between the different relations for projections, the following implications holds:

~h

U cor 3.3.831
thm 3.3.27
<"

thm 3.3.25“ U thm 3.3.17
Y

thm 3.3.23

In case of matrix algebras, the implications become equivalences (see theorem 3.3.17
and 3.3.33).
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Theorem 3.3.38.
FEvery idempotent is homotopic to a projection in A. Furthermore, let p,q €
Proj(A) with p ~y, q, then there is a homotopy between p and q in Proj(A).

Proof 3.3.39.
Let e € Idem(A) and define

z=14+(e—e")(e"—e) =1+ (" —¢)"(e" —¢)

=1—(e—¢€")%.

Since (e* — e)*(e* — e) is positive by theorem 2.4.9 and thus z € A* is positive and
self adjoint. It holds that

(e—e")Pe=(e—e*)(e—ec'e) =e—e'e —ee'e +e'e = e — ee’e

and e(e—e")?’ =...=e—ec'e .
Hence ze = ee*e = ez and thus ze* = e*z. Then p = ee*z7! = z7lee* € A and

p* = p. Furthermore

1

p? =z teetee 2 = 2 lzee T = eefr = p

which shows that p € Proj(A).
It holds that ep = e?e*27! = ee*z7! = p and pe = z7lee*e = 27 12e = e. Let
t € C, then

(1+tlp—e)a—tp—e)=1—-t(e—p?=1—t(e—ep—pe+p) =1.
Hence u; =1+ 1t(p—e) € A*. Let p, = u; 'eus. Then py = e and
m=1—-pt+ee(r+p—e)=(1—pt+ep=ep=p.

So p; is a homotopy between e and p, i.e. e ~, p.

Let p, g € Proj(A) and e; a homotopy in Idem(A), such that p ~j, q. Then, direct
calculations show that eje;(1 + (e; — €})(ef — e;)) is a projection and a homotopy
between p and q. O

Theorem 3.3.40.

Let (A,, ¢n) be a normed direct system of local Banach algebras and A the
normed direct limit. If e € Idem(A), then for all p € N, there are a v > p and
an ey € Idem(A,), such that ®,(ey) = e.

If e, f € Idem(A) with e ~5 f in A, then for all p € N, there are v > u and
eo, fo € Idem(A,), such that ®,(e,) =e, ®,(fo) = f and eq ~5 fo in A,.
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Proof 3.3.41.
Part 1: Let ¢/ > ppand a € Ay, such that e = ®,/(a). Using lemma 3.2.8 for
e — z1 and ®,(a) — 21 respectively, we obtain the following statement:

) o4, (Suw(a)) = oale) = {0,1} .

vy

Thus there are p” > p/ and open neighborhoods U, V' of 0 and 1 respectively, such
that UNV =0 and 04, (¢p(a)) C UUV, for all v > p”. There is a function f with
f(U)=0and f(V) =1. Then f(¢.(a)) € Idem(A,), since f(2)* = f(z) on UUV.

Part 2: Let now e ~4 f and fix a 4 € N. By the first part of the theorem, there

is a ¢/ > p, such that for all v >y there are eg, fy € Idem(A,) with e = &, (eg)

and f = ®,(fy). Let z € A%, such that zez™! = f, according to e ~, f. Let

w € A,, such that ®,(w) = z. By lemma 3.2.8, we can assume that w € AX.
Define f; = weow ™!, then:

©,(f1) = Pu(w) Dy (e0) Py (w) ' = zez" = f = D,(fo) -

By the construction of the normed direct limit, we can choose v large enough,
such that || fi — fol| becomes small enough to apply lemma 3.3.19. Then f; ~ fo
and f; ~4 ey by construction. Thus: fy ~g €p. O

The opposite direction is also true:

Corollary 3.3.42.
Let e, f € Idem(A,,) with e ~, f, then it holds that ®,(e) ~s ®,(f) in A.

Proof 3.3.43.
There is a z € AX, such that zez™' = f, by definition. Then, since @, is a
~1. Tt follows that

morphism, it holds that ®,(z71) = ®,(2)
D, (f) = ®p(zez™h) = @, (2)Pp ()P, (2) 7",
= Pule) ~s u(f) -
[

We conclude this subsection with a proposition from [Bla86, Proposition 4.5.1], as its
proof will be similar to the proof of theorem 3.3.40.

Lemma 3.3.44.

Let A be a local Banach algebra and e, f € Idem(ﬁ). Then for every € > 0 there
is an e € Idem(A), such that ||e — ep| < €.

Furthermore, if e ~5 f, then there is an fo € Idem(A), such that ||f — fol| < ¢
and eg ~ fo.
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Proof 3.3.45.
As result of the completion, it follows that A is dense in A. Hence there is an
x € A, such that ||z — e]| < e. Choosing ¢ small enough, o(z) C U UV, where U
is a neighborhood of 0 , V' is a neighborhood of 1 and U NV = (). Similar to the
proof of 3.3.40, we find f(x) = eo.

Now consider f ~; e in A, i.e. f = zez~!, where z is in the unitalization of A.
Let w € A%, such that |lw — z]|| is small enough for fy = weow™!, i.e. fo ~ €.
Since product and inversion are continuous w.r.t. the norm, it holds that

le —¢'ll <o :

Ve>030>0:Ve, 2" Iz — || <6 = |[ZeZ T —zez7Y <.

This is used to show that ||f — fo|| < e. O

3.4 The Kj,-group

In the following, A denotes a local C*-algebra.

3.4.1 The functor V(A)

Definition 3.4.1.
With V(A) we denote the quotient ldem(Moc(4))/-.

From the results of subsection 3.3.3 we know, that we can equivalently choose the
relations ~g or ~j,. Furthermore, we could equivalently consider Proj(My(A)) with
any of the relations, because of theorem 3.3.38.

Lemma 3.4.2 (Monoid structure).
V(A) has an abelian monoid structure’ defined by

le] + [f] = [¢'+ f']

for e € le] and f' € [f], such that ¢ L f', with neutral element [0].

Proof 3.4.3.
Existence: Let e € [e] and ey € Aj, such that ®;(eg) = e, which is possible
because of theorem 3.3.40. Then:

e =®j(eq) = j41(dj5+1(€0)) = Py ((e(;) 8)) :

E'IBQOIOGO Ol::L’
=10 o0 0 0)\1 0 Y

'Loosely speaking, a monoid is a group without the invertibility requirement.

Furthermore:
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;{0 0) (0 1\ (0 e\
Eo = (0 eo> - <1 0) (o 0) B
Hence Ey ~ E{ and thus ®;.1(Ey) ~ ®;41(E(). It follows that
®j1(Ep) € [e] -

Choose fy € Aj, such that ®;(fy) = f € [f], and so

fo= (({f 8)) = By (F)

Then Fy L Ej, and since ®;; is a morphism, ®,,1(Fy) L ®;44(E]). Choosing
e = ;1 and f' = &, (Fp) shows the existence.

and

Well definedness: Let €’ € [e] and f” € [f], such that ¢’ L f”. It holds that
¢ ~ € and f' ~ f”. From corollary 3.3.13 (for ¢/ = ey, ¢ = f1, f' = ey and
f" = fo) it follows that

€/+f/N6//Nf// RN 6//+f//€[6/+f/].

Remark 3.4.4.

i) By construction it holds that V(A) = V(B), if M (A) &£ My (B). It
especially holds that V(A) = V(M,(A)), since My(A) = My (M,(A)), as

seen in lemma 3.2.18.

ii) From lemma 3.3.44 and 3.3.19 it follows that V(A) = ldem(A®K)/_ . Thus
it holds that V(A) = V(B) if A K =2 B® K, i.e. A and B are stably
isomorphic.

Corollary 3.4.5.
If A is separable, then V(A) is countable

Proof 3.4.6.
Assume that V(A) is uncountable. Then there is an uncountable set P C A of

projections, such that:
VpqeP . p#Fq : prhq.
This means that [p] # [¢]. I it holds that

Bi(p)NBi(q) =0 Vp#q.

1
2
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This can be seen as follows. Assume that

|z —pll <
x € B1(p) N B1(q)
|z —q| <

N[—= N

= lp—dl<llz—pl+lz—ql<t.
But from corollary 3.3.29 it would follow p ~j ¢, contradicting p # q¢ p >4, q.
Thus Bi(p) N By (q) = (. So every Bi(p) corresponds to a class [p] € V(A).

On the other hand, since A is separable, there is a dense sequence (z,) C A.
Because of the denseness,

Vpe Edn,eN: anGB%(p).

If the map p — n, was injective, the set P would be countable, which is not the
case. So p — n, is not injective, which means, that there are n, = n,. However,
then it follows x,, € B 1 (p)N B 1 (¢9) = 0, which is a contradiction. Hence the

assumption V' (A) being uncountable is wrong. O

For the functorality of V' (a) we make the following observation. Let e, ¢’ € [¢] € V(A).
Because of Theorem 3.3.40, there are eg, e € Idem(M,(A)), such that D, (e0) = e,
O (ef)) = €’ and ey ~ €. Since ~ is an equlvalence relation, there is an e € Idem(M,,(A)
for all ” € [e], such that ®,(ej) = €” and ef ~ e.
On the other hand, let a ~ eg, i.e. a € [e], € dem(Mn(4)/<. Then there are
z,y € M,(A), such that
eo=xy and a=yx.

Since ®,, is a morphism, it holds that

Hence ®,,(a) ~ e and thus ®,(a) € [e]. So it holds that ®,([eo],) = [e] € V(A), and for
all
VieleV(a) Ve €le] 3[a] €ldem@u(a)/c: T b€ [a]: Dy(b) =¢ .

Hence [e],,, which denotes the corresponding class of [e] in Idem(Mn(4))/ " is well defined.

Lemma 3.4.7 (Functoriality of V).
Let ¢: A — B be a x-morphism. We define:

¢: V(A) = V(B),  du([e]) = [Pn(d(eo))]
for an eg € le],. The map ¢ is extended component wise to M, (A):
¢(e) = o((ei;) = (p(e)) -
The map ¢, is well defined and satisfies

(Ida)s = Idv(a) (o @) =1heo s,
for any other x-morphism ¢: B — C.
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Proof 3.4.8.

Well definedness already follows from the construction of

[eo]n, € ldem(Mn(4))/~ and the component wise definition, since ¢ is a *-morphism.
For the first equation, we calculate:

(Ida)«([e]) = [@n(Ida(eo))] = [Pnle)] =[] = (Ida)s = Idy(a) -

For the second equation, we observe that for the class [®,(¢(eg))], we can choose
o(eo) € [Pn(d(eo))]n- Then

exm:constant direct system

Definition 3.4.9.
Let ¢g,¢1: A — B be *-morphisms of local C*-algebras. Then ¢y and ¢, are
called homotopic, if there is a *-morphism ®: A — C([0, 1], B), such that

evopo® =¢9 and evio®d = ¢,

where ev;: C([0, 1], B) — B is the evaluation map. The map & is called Homo-
topy between ¢y and ¢;.

For the evaluation we write ev; o ® =: ®;. This is a path of x-morphisms A — B, since
the algebra operations are defined point wise on C([0, 1], B), w.r.t. t € [0,1]:

Oi(aoda) =evy(Placa)) =evi(Pla) o ®(a')) = Pla) o Dy(d) .

Oi(a”) = evi(P(a”)) = evi(P(a)*) = Pi(a)”

Furthermore, for all a € A, the map ¢ — ®,(a) is a continuous map [0,1] — B.
The opposite direction holds true as well:

Corollary 3.4.10.

Let Wy: A — B be a path of x-morphisms for t € [0,1], such that t — Vy(a) is a
continuous map [0,1] — B for alla € A. If Uy = ¢g and Uy = ¢y, then ¥, is a
homotopy between ¢y and ¢ .

Proof 3.4.11.
For every a € A, the map ¥(a): [0,1] — B, ¢+ W;(a) is continuous, such that
U(a) € C([0,1], B). The algebra structure is defined point wise, i.e.

U(a) =t V(aod) =t Uia)oV(a) = TV(a)o¥(d),
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U(a*) =t U (a") =t — Vy(a)" = ¥(a)".

Now we define ®: A — C([0,1], B), a — ¥(a). The previous calculations then
show that ® is a x-morphism. Finally we observe that

(evi 0o @)(a) = evy(P(a)) = evy(¥(a)) = Vy(a) Va € A

= evgodP=¢g, and eviod = ¢ .

Theorem 3.4.12.
The assignment A — V(A), ¢ — ¢, is a functor from local C*-algebras to abelian
monoids, that has the following properties:

i) V is homotopy invariant, i.e. if ¢pg and ¢1 are homotopic, then (¢g). =

(@1)s-
i) V is additive, i.e. V(A® B) = V(A)® V(B).

iii) V' commutes with direct limits over N: Let A be the normed direct limit of a
direct system of local C*-algebras ((A,)uen; Guw). Then V(A) is the direct

limit of (V(AL), (duw)«)-

For the proof of iii) we follow [Weg93, proof of Proposition 6.2.9] closely.

Proof 3.4.13.

i) Let e € Idem(M,(A)) and ¢ be a homotopy between ¢, and ¢;. Consider
¢ = evy 0 ¢, which is a path of x-morphisms A — B. Then ¢;(e) € Idem(M,(A)),
since

$i(e)’ = du(e?) = ¢u(e) .
Hence ¢g(e) ~p ¢1(e). But then ¢g(e) ~ ¢1(e) for any other relation too. For
any [¢/| € V[A] there is an e € Idem(M,,(A)), such that &, (e) = ¢/. But since
Po(€) ~n ¢1(e) it follows that @, (¢o(e)) ~n Pu(d1(e)), 50 [Pn(do(e))] = [Pn(er(e))]-

Hence:

(00)«([€]) = [Pn(do(€)] = [Pn(e1(€))] = (¢1).([€]) -
ii) In the finite dimensional case M, (A® B) = M, (A)® M,(B) is clear But then
(M (A®B), ®,,) is the direct limit of (M, (A B), ¢mpn) and (M (A)D M (B), D))
is the direct limit of (M, (A)&M,(B), ¢mn). Let U,,: M, (A®B) = M, (A)&M,(B)
the isomorphism. Then the following diagram commutes:

M,,(A® B)

D0V,

M,(A @ B) o My (A) @ My (B)
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But by the definition of direct limits and theorem 3.1.8 this means that
My (A® B) = My (A) ® My (B) .

From the isomorphy in the finite dimensional case and theorem 3.3.40, it follows
that the equivalence classes with respect to ~ are the same for M,,(A @ B) and
Mo (A) & My (B). Thus the claim follows.

iii) Denote the functor by V. That (V(A,), ¢nm) is a direct system follows from
the functoriality, by drawing a commutative diagram. As this is similar to the
mapping property, we skip this step here. For the mapping property we observe,
that the following diagram commutes:

The inner diagram is the mapping property of a direct limit. Let now (H,¥,,) be
the direct limit of the direct system (V(Ap,), dmn). Then, there is a unique semi
group morphism &, such that

V(A (Pmn )«

It especially follows that & o ¥,, = (®,,),. To show that V(A) is a direct limit, it is
enough to show that V(A) = H. Hence, we only need to show that & is bijective.

For surjectivity, consider p € Idem(M(A)). By theorem 3.3.40 there is a
po € Idem(M;(A)), such that P;(py) = p. Here, (M, P;) is the direct system of
the matrix algebras. Using theorem 3.3.40 again, there is an n € N, such that
dqe M;(A,) : ©,(q) = po. Here @, acts component wise. With the definition of
(P,,). we see that:

[Pl = [Pj(po)] = [Pj(®n(q))] = (Pn)([Pi(q)]) = (€ 0 Wn)([Pi(9)])
= (W ([P5(9)) -

)
This shows that [p] € Im(¢) and hence surjectivity.
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To show injectivity consider [P;(pn, )], [Pj(qn,)] € V(4;), with
Pno» Qne € Proj(M;(Ay,)). Assume, that both elements create the same image for
&, ie.
[P (Prg (P )] = (P ) ([P (Pro)]) = (€ © Wy ) ([P (Po )])
|

- (5 o ‘Ijn())([P](qno)]) =...= [Pj<q)n0<qno))] :

To keep the notation short, let p :== @, (pny), ¢ == Py (qn,) € Proj(M;(A)). Form
[P;(p)] = [P;(q)] it follows that p ~,, g, by theorem 3.3.40.

= JuecU;(A): q=upu".

Choose’n; € N large enough, such that there is a u,, € U;(A,,), that for e > 0 it
holds that
HU’ - (I)m(um)H Se€.

Choose ny € N, such that ny > ng and ny > ny, and define:
Pry = Pnona (Pno) Gy = Drons (Gno) DA Upy = Ppypy (Uny ) -
From the mapping property of the direct system ((A,,), ¢nm) it follows that:

p=Pn, (pno) = Oy, (¢n0n2 (pno)) = Py, (pnz) ;=2 (qn2)

and  [lu — P, (tny || = [t = Py (Do ()| = [l — P (i, )| < €
Next, define the following:
Uny = UnyPrytiy, and ' = Dy, (uy,) . (3.1)
In this notation, ||u —«’'|| < e and thus (with ||p|] = 1, since p is a projection ):
[Py (Gny) = Pra () = [u'pu”™ —upu”|| < [l — ul| + || (v — )|
=2u —u'|| < 2¢ .
Hence, there is an m > no, such that

[ @nam(@n,) = Prom (Gny)I] < 2¢ (3.2)

Again, we introduce the following notation:

q:n = ¢n2m<Q;L2) y  Gm = ¢n2m(Qng) and Pm = ¢ngm(pn2) .

As before, it holds that p = ®,,,(p,) and g = P (gim)-
By construction, it already holds that g}, ~, pm. Choosing ¢ < 3, (3.1) and
(3.2) imply that
g = amll <1
Then, from corollary 3.3.29 it follows that ¢, ~. ¢n,. Thus:

dm ~u q:n ~u Pm = 4m ~u Pm -
But then:
Wig ([P (ano)]) = Win © (Dngm) s ([P (@no)]) = Vo ([P5(Prgm (G, ))])
= U ([Pj(gm)]) = U ([P (pm)]) = - . = Vo ([Pj(pno)]) -
Yet, this shows injectivity. O]
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Remark 3.4.14.

For a direct system of proper C*-algebras, the third claim can be extended to a
Banach algebra direct limit with lemma 3.3.44. The direct limit in the category
of Banach algebras can be constructed form the normed direct limit by metric
completion.

3.4.2 The Grothendieck construction of K

Lemma and definition 3.4.15.
Let H be an abelian semi group’. Define the equivalence relation ~ on H x H by
(x1,11) ~ (22, y2), if and only if there is a z € H, such that

T1+Yo+2z2=2o+Y +2.

Define K(H) == (HxH)/ then K(H) is an abelian group, called Grothendieck
group, with the following operation:

(w1, 91)] + [(72,¥2)] = [(21 + 72,91 + 32)] -

The elements [(x,y)] = [x,y] are also denoted by x — y.

Remark 3.4.16.

The notation x —y is not ambiguous, as —x has a priori no meaning in a semi group.
In fact it is only a formal difference, similar to fractions ¢, which are only formal
quotients on an algebraic level. Two fractions are called equal § = ¢, ifa-d = c-b.
In same way, we could call x1 — y; = x9 — yo, if 1 + yo = 22 + y1. However,
because we are using semi groups, which are not necessarily right cancellative, the
condition is loosened somewhat by adding a constant z € H on both sides.

Proof 3.4.17.
First we need to show that ~ is a proper equivalence relation:

Reflexivity: Holds for all z, since already x +y = = + y.
Symmetry: Follows from the symmetry of =.
Transitivity: Let (z1,y1) ~ (22,y2) by z and (z2,y2) ~ (x3,y3) by w, then:

Ti+yYp+z=x0+y;+2 and xo+ys+w=2x3+ys +w .

2Here we could even demand that ®,,, (u,,) = u because of corollary 3.1.12, which also holds for
monoids, etc. Then, since the extension of ®,, on A,, has to preserve the unit, it follows that
Up, € UJ(ATLl)

31.e. an abelian monoid that does not necessarily have a neutral element.
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Hence, choosing u = x5 + y2 + 2z + w, it follows that

r1t+ystu= (1 +y2+2)+ (22 +ys +w)
= (@2t y1 +2) + (v3+ 42 + )
=23+ Y1 + (X2 + Y2 + 2+ w)
=T33+ tu,

= (1’1791) ~ (1’37?/3) .

Next we need to show that K (H) is a proper group. The first step is to show, that
the operation is well defined. So let (z1,v]) € [(z1,v1)] and (2}, y5) € [(z2,y2)].
Then there are z; and 29, such that

Tyt =2ty +2 and zo4ys+ 20 =25+ ya + 22,

= sty tyetatzn=@+n+2)+ (15 +y2 + 22)
= (z1 + 9y + 2) + (22 + ¥y + 22)
=zt aot Yty + 2

This shows that the operation is independent of the representative. Associativity
follows from the associativity of the semi group. The neutral element is e = [(a, a)]
for all a« € H. Indeed, (a,a) ~ (b,b) and

r+at+y=y+a+zr < (r,y)~(x+ay+a)

& [yt [a,a =[x +a,y+a =[x,y .

Finally, the inverse element is given by —[z,y] = [y, z|:

[z, y] + [y, 2] = v +y,x +y] = [a,a] =€ .

Lemma 3.4.18 (Grothendieck group universl property ).

The Grothendieck group satisfies the following universal property: There is a semi
group morphism ¢: H — K(H), such that for all abelian groups G with semi
group morphism ¢: H — G, there is a unique group morphism ¢: K(H) — G,
such that the following diagram commutes:

H

¢HJ ¢
A
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Proof 3.4.19.
We choose ¢p: H — K(H) by defining ¢(a) = [a + a,a]. It holds that

a+(b+b+a)=b+(a+a+b) < (a,b)~(a+a+bb+b+a),

= |a,b=[a+a+bb+b+al=[a+a+,a]+ [b,b+ D
= [a+a+’a]_[b+b7b] :¢H(a)_¢H(b)

Let now ¢: K(H) — G be a group morphism, then:
U(la,b]) = P(ou(a) — ou(b)) = ¥(onu(a)) — ¥(¢u (b)) -

If this group morphism is to make the diagram commute, it has to holds that

|

U([a,b]) = P(¢n(a) — ou(b)) = ¥(on(a)) — Y(du(b)) = ¢(a) — H(b) .

The right hand side defines such a morphism, proving existence. On the other
hand, this equation also shows uniqueness, since

¥([a,b]) — ¢'([a, b]) = ¢(a) — ¢(b) — (¢(a) — ¢(b)) =0 .

Theorem 3.4.20.
The Grothendieck group defines a functor K from the category of abelian semi
groups to the category of abelian groups.

Proof 3.4.21.
To be a functor, we have to construct a group morphism K(¢): K(H) — K(I)
from a semi group morphism ¢: H — I. Consider the following diagram:

Then, ¢;o0¢: H — K(I) is a semi group morphism to an abelian group K(I).
By the universal property of the Grothendieck group, there is a unique morphism
K (o), such that K(¢) o ¢y = ¢;0 9, i.e.

H#I

~
¢Hl ¢rod l(ﬁl
Nt

K(H) o ()
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Remark 3.4.22.
In the proof of lemma 3.4.18 we have also constructed the unique morphism. By
comparing the diagrams, we find

= [#(a) + é(a), ¢(a)] = [$(b) + ¢(b), ¢(b)]

= [6(a) + ¢(a), ¢(a)] + [¢(b), 6(b) + &(b)]
[6(a) + d(a) + ¢(b), ¢(a) + 6(b) + 6(b)]
[¢(a), 6(b)] -

Theorem 3.4.23.
The Grothendieck group is additive, i.e.

K(A®B) = K(A) @ K(B) .

Proof 3.4.24.
By construction, we need to show that

AGBBXAEBB/N o A><A/N fasy B><B/N .

We define a group morphism by

¢: [(a1,01), (az, ba)] — ([a1, az], [b1, b))

First, we need to show, that this map is well defined, i.e. independent of the
representative. So let (a}, b}, ay, b)) € (a1,b1) — (az,be), i.e. it holds that

(a},0)) + (az,b9) + (z,w) = (a1, b1) + (ab, by) + (z,w) .
With the natural operation on the direct sum, this reads:

(@) +as + 2,0) + by +w) = (ay + ay + z,by + by + w)

ay+ar+z=a+ay+z2 - (@}, ab) ~ (a1, az)
< ((allva,Z)ﬂ (bllab;)) S ([a’haQ]? [bbb?]) :

This shows that the map does not depend on the representative. Direct calculation
shows, that ¢ is a proper group morphism. Surjectivity is immediate by the
definition. For injectivity, we have to show that Ker(¢) = e. Assume that
o([(a1,b1), (ag,b2)]) = (e, e) then it has to hold that

(a1,a2) € [z,x] and (b1, b2) € [y, 9] ,

for x € A and y € B. This implies that a; = as and by = by. But [(ay, ay), (b1, b1)]
is the unit element of A®BxA®B/. O
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Theorem 3.4.25.
The functor K commutes with direct limits over N.

Proof 3.4.26.

Let (H,,, ¢mn) be a direct system of abelian semi groups and (H, ®,,) be the direct
limit. By functoriality of K, (K(H,,), K(¢mn)) is a direct system of abelian groups.
From functoriality it also follows that (cf. the proof of theorem 3.4.12)

K(q)n) © K(¢mn> = K((I)n o ¢mn) = K((I)m) )

so the following diagram commutes:

K(Hp)
K(¢>mn>l \K(m)
K(H,) —— K(H)

Assume, that (G, V,,) also satisfies the mapping property

K(H,,)
K(qﬁmn)l Lm
K(H,) — G

Uy

= \Ijm - an o K(¢mn)

where G is a group and ¥, are group morphisms. Let [, = ¢y, : H, — K(H,)
be the canonical morphism from the universal property of the Grothendieck group.
Let ¢, == W, o I,, and consider the following diagram (the left part of the diagram
commutes, since it is the definiton of K (¢, ), as can be seen in proof 3.4.21):
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= Pm = Pn © ¢mn .
Because of the universal property of the direct limit (lower triangle), there is a
unique group morphism ¢: H — G, such that the following diagram commutes:

H, —  K(H,)

H— > G
=)
= pod,=¢,.

Let I = ¢y: H — K(H). Again, form the unique property, it follows that there
is a unique : K(H) — G, such that the left diagram commutes. The right
diagram is again, just the definition of K(®,,)

H H, ™ . H
Il X l I
K(H) =T G K(H,) —— ®@o K(H)

From the right diagram, we see that K(®,)o I, = I o ®,,. We find:
EoK(®y)o0l,=C0lod,=pod,=¢p, =V, 0],
= (o K(D,) =1, .

Hence, the following diagram commutes:

To show, that K(H) is the direct limit, it remains to show that £ is the unique
group morphism with that property. So assume, that {1 K(H) — G also satisfies
g oK(®,) =V, for all n € N. Then:

fleo(I)n:gloK(q)n)O]n:\Ilnoln:(pnzspoq)n
= ol=p=¢(ol = ¢=¢.

Definition 3.4.27.
The Koo group Ky(A) is defined by

Koo(A) == K(V(A4)) .

Since V and K are functors,
K()O =KoV
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is also a functor, from local C*-algebras to abelian groups. The induced group morphism
Koo(¢) will also be denoted by ¢s.

Example 3.4.28.

Consider M, (C). Up to similarity, the orthogonal projections are given by I, =
diag(1,...,1,0,...,0), where k denotes the number of ones. Hence the equivalence
classes of Mn(C)/~, are [I;| = [k] for k = 0,...,n. Let K denote a sequence of
length n, with k& ones and n — k zeroes and denote I; = diag(K). It holds that
Iy, ~4 I, such that I € [k].

In case of M, (C), one can choose K and L, such that I, L I for Ix € [k] and
I, € [¢]. It holds that

Ix+Ip=Ixs €+l = [l+[]=[+1.
Hence, with remark 3.4.4 it follows that
V(C) = V(My(C)) = (O, = Ny

Thus, since the Grothendieck group of Ny is by construction Z, it follows that

Ky(C) =K(V(C)) = K(No) =Z .

3.4.3 Construction of the Kj-group
Let A be a local C*-algebra. We define AT := A x C with the operations
(a,2) 4+ (byw) = (a+ b,z +w) , (a,z)(b,w) = (ab+ wa + zb, zw)
and (a,2)" = (a",2) .
A x-morphism ¢: A — B induces a *-morphism ¢*: AT — B by

(a,2) — (6(a), 2) .

Lemma 3.4.29.
Let (An, Qmn) be a direct system of local C*-algebras with algebraically direct limit
(A, ®,). Then (AT, @) is the direct limit of (A}, &) ), where

mn((@m; 2)) = (Gmn(am), 2)  and Dy ((an, 2)) = (Pn(an), 2) -

Proof 3.4.30.
We need to show, that @} o ¢f = @} . Let (a,,,2) € A then it holds that
CD;;((amv 2)) = (Pmlam), 2) = (Pr 0 dun)(am), 2) = ((I)jz_ ° ¢:m)((ama z)
= &fogh =of .
In the same way, it can be seen, that (A}, ¢ ) is a direct system.

Consider the direct limit (| ]; 4 /~, m,) from theorem 3.1.10. By definition, there
is a unique morphism &: | ]; 4/ /~ — A*, such that the following diagram commutes:
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Tn /N
Furthermore, in the proof of theorem 3.1.10, the map ¢ is explicitly constructed.
Here it reads:

E([(an, 2);n]) = (I):(amz) = (Pn(an),2) -

To see that ¢ is well defined, let (b, w) € [(ay, 2); n], then by definition of ~, there
isa N2>k > m,n, such that

Gk (@ns 2) = (Pnr(an), 2) = (Pmr(bm), w) = :_nk:(bm7w>

= z=w and &uk(an) = Omi(bm) -

= &([(bm, w), m]) = (P (bm), w) = (Pi(dmi(a)), w)

= (Pr(dnk(an)), 2) = (Pnlan), 2)
= {([(an, 2);n]) .

This shows that £ is indeed well defined. It remains to show that £ is bijective.
Surjectivity: Let (a,z) € AT, then there is an a, € A,, such that a = ®,,. It
follows that:

D, ((an, 2)) = (Pulan), 2) = (a, 2) .
But then:
(a,2) = O (an, 2) = (£ 0 T)((an, 2)) = E([(an, 2); 1)) -

Injektivity: Let [(ap, 2);n], [(bm, w);m] € L; A7/~ and assume that &([(an, 2);n]) =
&([(b, w);m]). Then:

§([(an, 2);n]) = (Pulan), 2) = (P (bm), w) = &([(bm, w); m])

= z=w and D,(a,) = D,(b,) .
By definition of A" as | |; 4i/~ x C, the ®,, are actually 7,. Hence:

D, (a,) = Pp(by) < malan) =7mn(bn) < ap ~ by

Thus, there is a N 3 k > m, n, such that ¢.x(a,) = Gpmr(by). Yet, together with
w = z, this means [(a,, 2);n] = [(by, w); m] O

Lemma 3.4.31.

If and only if A is non-unital, then A* and A are x-isomorphic. In the unital
case it holds that AT = A® C, where the operations of A® C are component wise.
It especially follows that A" is a local C*-algebra in the non-unital case.
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Proof 3.4.32.

i) In the non-unital case, we can write A = {r(a) + 21 | a € A, z € C}, where
we used the uitalization from lemma 2.1.7. Then, ¢: (a,z) — m(a) + 21 € A
is a x-morphism, which can be seen by direct calculation. Furthermore, ¢ is
surjective.

For injectivity we need to show that Ker(¢) = 0. Assume that ¢((a,z)) =0
for (a,z) # 0. This implies that 0 = m(a) + z1, and thus 7(a) ~ 1. Since A is
non-unital, there is no a € A, such that 7(A) ~ 1. Hence Ker(¢) = 0.

For the opposite direction, we can also show the equivalent statement: “If A is
unital, then AT 2 A”. Tt is enough to show that Ker(¢) # 0. Choosing 1 € A,
it follows that

#((1,1)=7(1)—1=1-1=0 = Ker(¢)#0.

ii) Consider the map ¢: AT — A® C | (a,z) — [a + 21; z]. The addition and
x-map act component wise. To see that ¢ is a x-morphism, all that is left, is
to check the morphism property for the multiplication:

Y((a, 2)(b,w)) = ((ab+ wa + 2b, zw)) = [ab + wa + zb + zw1, zw|
= [a + z1, 2][b + w1, w] = ¥((a, 2))((b,w)) .

Surjectivity follows from 1 ((a—21, 2)) = [a— 21421, z] = [a, z]. For injectivity,
assume that [0,0] = ¢((a, z)). Then:

0,0] =¢((a,2)) =la+21,2] = z2=0 = [0,0]=][a,0]

= Zi = Ker(¢) =0.

Thus ¢ is an isomorphism.

Remark 3.4.33 (Notation).

Formally, we would need to write [a,2] =a® 2z € A® C and (a,z) € A*. The
different brackets are used to differentiate the different multiplication structures
of A® C and A™. In the latter case, the product behaves as the distributive law
dictates, such that

(a,z)(b,w) = (ab+ zb+ wa, zw) < ab+ zb+wa+ zw = (a+ z)(b+ w) .

Hence, one sometimes identifies (a,z) with a + z. This can be misleading, as
a+ z # a + z1, which is however also a common notation.

On the other hand, this is not possible for A @ C, since (a ® z)(b ® w) = ab® zw.
This is also the reason, why we could not use the natural map (a, z) — |[a, 2] to
show isomorphy in the unital case.
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Assume now, that A is unital and consider the map
¢p: AT — ADC, (a,2)— (a+z21)Dz.

Similar to the non-unital case, this is a x-morphism. So A* is also a local C*-algebra in
the non-unital case, where the *-norm on A & C is

la @ 2] == max({[a]|, [2]) -
We observe that 47/4 = C and by example 3.4.28 we find
Koo(A+/A) =7Z.

Let m: AT — A7/4 = C be the canonical projection (quotient map) on the second
component. Although not a projection in the C*-algebra sense, it still is a *-morphism.

Definition 3.4.34.
With 7, = Kyo(7), we define the Kp-group as:

Ko(A) = Ker(m,) C Kop(AT) .

The induced map 7, is a map Ko(AT) — Koo(C) = Z. Since 7, is a morphism of
abelian groups, the kernel is a normal sub group. Hence Ky(A) C Koo(A™) is an abelian

group.

Definition and lemma 3.4.35.
Let ¢: A — B be a x-morphism between local C*-algebras. With

Ko(9) == Koo(¢1): Koo(A1) — Koo(BT) ,

Ky becomes a functor from local C*-algebras to abelian groups.

As usual, if the context is understood, Ky(¢) is denoted by ¢,.

3.4.4 Properties of K, and Ky

Notation 3.4.36.
Let p,, denote the matrix that is diagonal with n- units:

pyn = diag(1,...,1,0,...,0) .
———

n-times

The notation p is inspired by the fact, that p, is a projection.

Lemma 3.4.37.
Let p € Proj(My(A™)) and p, € My(C). If n(p) ~ pn, then there is a p' with
p' ~u p, such that

P'—pn € M(A) .
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Proof 3.4.38.

Since M (C) = £L(C*) and C* is a finite dimensional vector space, the projections are
given by p,, up to similarity equivalence (and equivalently by unitary equivalence).
Hence, from 7(p) ~ p, it follows that there is a u € U,(C) = U(k), such that
w'm(p)u = p,. With z € C as (0,2) € A", we can consider u € U,(A") and
Pn € Mi(AT). It follows that 7(u) = u and 7(p,) = p,. Define p' = upu*, then:

*

m(p') = m(upu”) = ur(p)u” = pp = 7(pn) -

Hence p’ and p,, have the same second component for all coefficients. Understanding
(a,0) =a € A, it follows that

P —p, € MA).

Remark 3.4.39.

In the proof we have used the isomorphy A* D A x {0} = A. This does not hold
for A x {c} for ¢ # 0. Hence p' — p,, € My(A) means that 7(p') = 7(p,). In that
case one also writes

p' =p, mod M;(A) nofation P —pn € Mi(A) .

Theorem 3.4.40 (Standard picture of Ko(A)).

i) The elements of Ko(A) are the elements of Koo(A™1) that have the form
[p] — [q] with p,q € Proj(My(A")) and p — q € My(A).

ii) The elements of Ko(A) have the form [p] — [p,] where p € Proj(My(A™1))
and p, = diag(1,...,1,0,...,0) € Mx(A"), such that p — p, € Mi(A).

i) If [p] — [g] = 0 in Ko(A), where p,q are chosen as in (i), then there is an
m € N, such that

diag(p, pm) ~ diag(q, pm) in Miim(AT) .

Furthermore, there is an n > m, such that one can exchange the relation ~
by ~p, or ~y in My, (AT).

Remark 3.4.41.
We are somewhat sloppy in the notation here. With [p] — [¢] € Kyo(A™1) we mean
[®r(p)] — [Pr(q)], etc. Furthermore p,, € M,,(A™") is equal to 1.
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Proof 3.4.42.

i)

ii)

iii)

Let p,q € Proj(Mg(A")) with p — ¢ € My(A), then 7(p) = 7(q). It follows
that m.([p] — [¢]) = 0, i.e. [p] — [q] € Ker(m,).

On the other hand let [p]| —[¢] € Ko, with p, ¢ € Proj(M(A™)) for some k € N.
Then, by definition of Ky(A), it holds that

0=m([p] = lg]) = [7(p)] = [7(g)] in Kw(C)=7Z.

By construction of Koy = K oV, the elements [7(p)] and [r(q)] are elements
of V(C) = N. By definition, the last equation reads formally

& 3] e V(C): [r(g)] + [z] = [(p)] + [2] -

Since N is a cancellative monoid, the equation implies [7(p)] = [7(q)]. These
are equivalence classes of projections in Mg (C). Hence there is a p, € My(C),
such that 7(p) ~ 7(q) ~ pn.

From lemma 3.4.37 it follows that there are p’ ~, p and ¢’ ~ ¢, such that
P —pn € Mp(A) and ¢ —p, € My(A)

= p—q € M(4).
With 5] = [ and [g] = [¢] we find

Yet, p’ and ¢ satisfy the demanded conditions.

Let [p] — [¢] be in Kyp(AT), with p,q as in part (i). For n > k, p, is the
unit matrix and thus p,q = ¢. From lemma 3.3.21 it follows that p, — ¢ is a
projection. In M, (A™), we can move p along the diagonal (by conjugation
with unitary matrices), such that we obtain a p’ with

p~yp and pLp,.

With p'q = p'p,,q = 0¢ = 0, one sees that p’ L p, — q. The same holds for ¢,
such that

[Pn — g + [a] = [pa] -

In Koo(AT) we calculate:
[P+ pn—a = Ipa] = ('] + [P0 — a)) = [pn] = [P'] = la] = [p] = [d] -
Since 0 = [0] = [p] — [q], there is an r € Proj(M,,(A™")), such that

[Pl + [r] = lg] + [r] inV(AT).

129
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In M,,(A"), py, is the unit matrix, such that r < p,,. With the same methods
as in (ii), we calculate:

[diag(p, pm)] = [p] + [pm] = [p] + [1] + [pm — 7]
= [q] + [r] + [pm + 7] = [diag(q, pm)] -

But this means that diag(p, p,) ~ diag(q, pm). Choosing n > m large enough
(such that one obtains a matrix with matrices as coefficient), the relations
become equivalent.

]

Theorem 3.4.43.
Both functors Ky and Koy are homotopy invariant, additive and commute with
direct limits over N.

Proof 3.4.44.

i) From theorem 3.4.12 it already follows that V(¢g) = V(¢1) for homotopic
maps ¢y and ¢;. Hence:

Koo(¢o) = K(V(do)) = K(V(¢1)) = Koo(é1) -

Furthermore, let W,: [0,1] — B be continuous path of #-morphisms between
the maps ¢g,¢: A — B. Then ¥/ : [0,1] — BT is a continuous path of
x-morphisms between ¢¢,¢7 : AT — BT. By definition, Ky(¢) = Koo(¢™T),
which shows that Ko(¢g) = Ko(¢1), by the first part.

ii) Again, by theorem 3.4.12 and 3.4.23, the functors V and K are already additive.
Hence Ky is additive.

The maps 7 and 7, act component wise on the elements of the direct sum.
Let [p,a] — [q,b0] € Ko(A @ B). This means (since N is cancellative) that

0= m.([p, a] = g, b]) = mlp, a] — mq, 0] = [x(p), 7(a)] — [ (q), =(b)] ,
& 7(p)=m(q) and w(a)=m(b) .
On the other hand, for ([p] —[q], [a] — [b]) € Ko(A)® K¢(B), the same condition
applies:

(0,0) = m([p] = lgl, [a] = [0]) = (I7(p)] = [7 ()], [7(a)] = [x(D)]) ,
< w(p)=m7(q) and 7(a)=m(d) .

This shows that
[p, a] =g, b] — ([p] — lal, [a] = [b])
defines an isomorphism Ky(A @ B) — Ky(A) ® Ko(B).
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iii) Since V and K commute with direct limit over N (see theorem 3.4.12 and
3.4.25), so does K.

Let (An, ¢mn) be a direct system of local C*-algebras with direct limit (A, ®,,).
As seen in lemma 3.4.29, (AT, ®7F) is the direct limit of (Af, ¢} ). Let
7n: AT — C and 7: AT — C be the projections on the second component,
then it holds that

Ax

NS

A+ T> (C
= 7odl=m,
and by functoriality of Ky it also follows:
Koo(ﬂ') (0] Koo(q):) = KO()(TF) .

Thus, the kernel of Kgg(m,) is mapped onto the kernel of Kyo(7) by the
map Koo(P)): Koo(A)) — Koo(A). The restriction defines a morphism:
©on: Ko(A,) — Ko(A). Furthermore, it holds that ¢, o Koo(d;.,) = ©m.

Let (K,WV,) be the inductive limit, i.e. K = lim Ky(A,), then there is a
unique morphism &: K — Ky(A), such that

Ko(An)
=Ny
3¢

ie. £oW, = ,. It remains to show, that £ is an bijective.

Ko(A)

Surjectivity: Let [p] — [q] € K¢(A), then there are an n € N and p,, ¢, €
Proj(Mu(A;")), such that p = &} (p,) and ¢ = ®;' (¢,). It follows that:

0 = Koo(m)([p] = [a]) = [r(p)] = [7(q)] = [(7w 0 ;1) (pn)] — [(7 © D7) ()]
= [T (Pn)] = [mn(an)] = Koo () ([pn] = [gn]) ,

such that [p,| — [¢,] € Ko(A,). Hence,

E(Wn([pn] = [an])) = @n([pn] = lan]) = Koo(®;)([Pn] — [gn])
= [®) (pn)] — (@5 (qn)] = [p] — [d] ,

which shows surjectivity.

Injectivity: Let z € K, such that {(x) = 0. There are an n € N and
z, € Koo(A;), such that z = ¥, (x,,). It holds that

0= ¢(x) = &(Vn(an)) = Pnlwn) = Koo(®)(2n) € Koo(AT)
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i.e. z, ~ 0. Since Ky(A") is the direct limit of Kno(A;), as proven above,
there is an m > n, such that

T = Koo () (Tn) =0

= o=V, (@) = (Koo (dp) (Tm) = Urn(m) = ¥ (0) =0 .

This shows, that Ker(§) = 0, which is equivalent to £ being injective.

Corollary 3.4.45.
It holds that KO()(A) = KOO(A & IC) and K()(A) = K()(A (%9 ’C)

Proof 3.4.46.
The argument is the same for both Kyy and Ky, so let F' denote either of the
functors. Consider the following commutative diagram

A2

¢1m d)ln
M, (A) —— M, (A)

Here we used the constant system (A, Id4) from example 3.1.14 with direct limit
A = A. From lemma 3.2.18 we now that M (A) = My (M,(A)). Since booth
Koo and K, are constructed from M, it follows that F'(¢1,,) and F(¢,) are
isomorphisms. Hence, applying the functor F' to the diagram results in

F(A) —E9 |, p(a)
Floum) |2 =| o)
(M (4)) —— F(M,(4))

This means, that the direct limits of the direct systems (#(A), Idp(ay) and (F(M,(A)), F'(¢mn))
are isomorphic.
Since Koy and Ky commute with direct limits by theorem 3.4.43, we find:

F(A) = F(h_r)n A) = h_r}n F(A) = li_r>n F(M,(A))
> P(lim M(A)) = F(Ma(A)).
In fact, for Ky and Ky we consider ldem(Mw(4))/<, Because of lemma 3.3.44,

completion does not add new equivalence classes, such that

—

F(A) = F(My(A)) = F(Mx(A) = F(ARK) .
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We consider the map
p: V(AT) — Ko(A) ,  [p)— [p] = [pa] ,

where n is the rank of 7(p). Since 7(p) has the same rank as p,, it holds (lemma 3.4.37)
that there is a p’ ~, p with p’ — p, € Mi(A). Hence [p| — [p.] = [/] — [pn] € Ko(A) by
theorem 3.4.40.

Let p L g with rank(w(q)) = m, then 7(p) L 7(q) ,since 7 is a *-morphism. So ¢ is
a semi group morphism. Furthermore 7(p + ¢) has the rank rank(7(p)) + rank(7(q)),
and thus ¢ is additive.

Corollary 3.4.47.
The map
V(AT) — Ko(4) ,  [p]— [p] — [pn]

induces a group morphism ¢ : Kopo(AT) — Ko(A).

Proof 3.4.48.
Using the universal property of the Grothendieck group yields:

V(A1)

©
CDV(AJ,_)\L \

K00<A+) T> Ko(A>

In the proof of lemma 3.4.18 we have also constructed v explicitly. Let n =
rank(m(p)) and m = rank(7(q)):

Y([pl = [a]) = ¢([p]) — (lal) = ([p] = [pa]) — (la] = [Pm])
= [p] = [pn] + ([Pm] — [a]) = [P] + [Pm] — [d] + [Pn]

Composition with the canonical map Kg(A) — Ko(AT) yields a map

W4 - Koo(A) — Ko(A) .

Definition 3.4.49.
A local C*-algebra A is called stablely unital, if M, (A) has an approximate
unit consisting of projections.

Remark 3.4.50.

Since the identity is always a projection, a unital C*-algebra is always stablely
unital. From lemma 3.3.44 it follows, that A is stablely unital, if and only if A® KC
has an approximate unit of projections.
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Theorem 3.4.51.
Let A be stablely unital, then wa: Koo(A) — Ko(A) is an isomorphism of abelian
groups. This especially holds, if A is unital.

Proof 3.4.52.

Under these assumptions M. (A) has a dense local C*-sub-algebra, that is the
algebraic direct limit of a direct system of unital C*-algebras. (For example consider
pM,(A)p, where p € M, (A) belongs to the approximate unit. In pM,,(A)p, the
unit element is p itself. It is a result of functional analysis, that the limit is dense
in M (A).)

Since Kyg and Ky commute with direct limits, it is enough to show the statement
for the unital case. So assume that A is unital. Then AT = A @ C. Then, because
of the additivity of Ky, it follows that Kgo(A") = Koo(A) & Z."Furthermore, it
follows that Koo(A) = Ker (7). Hence Koo(AT) = Ko(A)DZ and Kyo(A) = Ko(A).

For all [p] € Ko it holds that m(p) = 0. Thus, the induced map ¢: Kyo(AT) —
Ky(A) acts as follows:

Y([p] = [a]) = [p] + [po] — [a] + [po] = [p] — [d] ,

= w =1d = wa = IdKoo(A)%KO(A) :

Theorem 3.4.53.
Let J be a closed ideal of A, v: J — A be the inclusion, and p: A — 4/J be the
canonical projection. Then the sequence

Ko(J) == Ko(A) 5 Ko(4/7)

is exact, i.e. Im(t.) = Ker(p,).

Proof 3.4.54.
Let [p] — [pn] € Ko(J), where p — p, € My(J). Then:

p«(([p] = [pn])) = [p()] = [p(Pn)] = [p(Pn)] = [p(Pn)] =0 .

In the second step, we used that for v(a), where a € J, it holds that p(c(a)) =
[t(a)] = [0] in /. This shows that Im(c.) C Ker(p,).

On the other hand, let [p| — [p,] € Ker(p.); again, such that p — p, € My(J).
By theorem 3.4.40 (iii), there is an 7 > k +m and a u € U,.((4/2)*) € M,((4/7)"),
such that

u diag(p(p), pn, 0)u* = diag(pp, pm,0) in Ma,((4/2)7) .

4Caution/Reminder: A7t is the set A x C, yet the multiplicative structure is not component wise as
in AgC.
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From corollary 3.3.35 it follows that there is a unitary homotopy between diag(1,1) =
I and diag(u,u*). Hence diag(u,u*) € Us.((4/7)")o, where the zero means the
connected component of the unit element. Because of corollary 3.2.26, there is
v € Uy, (AT), such that p(v) = diag(u, u*). Define

[ = v diag(p, pm,0)v* € My, (AT),

then it holds that p(f) = puim, ie. f € Mo (J") and f — ppom € Mo (J).
Summarizing all results, in Ky(A™") it holds that

[p] — [pn] = [diag(p, Pm, 0)] = [Prim) = [f] = [Pnsm] € Im(e.) .
Thus Ker(p.) C Im(c.). O

One might think, that adding zeros at the end of the sequences of theorem 3.4.53
could make the sequence a short exact sequence. However, we have not shown that
Ker(t,) = 0 and Im(p.) = Ko(4/7). In fact this does not always hold true, such that
Ky is not exact (cf. [Bla86, p. 5.6.2]).



136 Chapter 3 K-theory

3.5 Higher K groups

Higher K-groups will be defined inductively from a relation between K; and K. To
define Ky, some results about GL,(A) and U,(A) are needed first, especially the
definitions, in the non-unital case.

3.5.1 GL,, and U,,

If R is a unital algebra, then GL,(R) is the group of invertible n X n matrices with
coefficients in R. If R has no unit, GL, (R) is not well defines. Since A is not unital in
general, we make the following definition:

Definition 3.5.1.
We define for a non-unital A:

GL! (A) = {u e GL,(A") |[u=1, mod M,(A)},

U (A) = Un(AT) N GL!(A) .

A priori, GL,(A) and GL; (A) are not the same. However, if A is unital, they become
isomorphic.

Lemma 3.5.2.
Let A be unital, then GL,(A) = GL (A) as topological groups.

Proof 3.5.3.

First we show, that M, (A") = M, (A)*. Let z = (z;;) and y = (y;;) € GL,(AT).
Then, because of the coefficient wise definition, there are a = (a;;),b =
M,,(A), such that

Ty = (aij, zi)  and  yi; = (bij, wij)
where z;;, w;; € C. Consider the map”
@1 Mn(AT) — Mo (A)T,  (ag, 2i;) — (ag) + (zi5) -

Injectivity and surjectivity follow immediately. It remains to show that ¢ is a
group morphism (linearity is immediate from the coefficient wise definition):

(p(@)e)ij = X (@) W)k = Y (i + 2ix) (brj + wiy)

= Z airbrj + zikbr; + Wi + Wi
k

= (an + zb + aw);; + (2w);;
= ¢lay) .

This shows that ¢ is indeed an isomorphism.
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Let u € GL/ (A), then it can be written as ¢(u) = a + 1,,. Furthermore, there is
an v € GL,(AT), such that uwv = 1,, with p(v) =b+ 2.

1l,=w=ab+b+az+z,
= z=1, and ab+b+a=0.
Let 1,, denote the matrix with 1 € A on the diagonal.
ab+b+a=0 < 1,=ab+b+a+1,=(a+1,)(b+1,)

& (a+1,) € GL,(A) .

Hence, we can define the following map:
V¥: GL (A) — GL,(A), u=a+1l,—a+1,.

Note, that we have implicitly used the isomorphism ¢ for the construction of .

Injectivity of v: Let u = a+ 1,,v = b+ 1, € GL(A) and assume that
¥(u) = ¢ (v). Then it holds that a + 1,, = b+ 1, thus a = b and hence u = v.

Surjectivity of ¥: Let x € GL,(A) and define a := = — 1,,. Since =z € GL,(A),
there is a y € GL,(A), such that zy = yx = 1,. Define b := y — 1,,, then we
calculate:

ab+a+b=0=ba+a+0

= (a+1,)b+1,)=1,=0+1,)(a+1,).
This shows that a + 1,, € GL],(A) and
Ye+1,)=a+1,=x—1,+1,=1z.
morphism property of v:

va+ L)Y0b+1,) =(a+1,)(b+1,) =ab+a+b+1,
=¢Ylab+a+b+1,) =¢v((a+1,)b+1,)) .

Continuity of ¢: We observe, that u —v=a+ 1, —b—1, =a— b and
Y(u—v)=¢@uw) —¢Yv)=a+1,—-b—1,=a—>b.

= fu=vl| = lla=b] =l (w) =)l -
This is enough to show continuity for both v and 1. O]

Corollary 3.5.4.
It holds that M, (A") = M, (A)*.

Proof 3.5.5.
This has also been shown in the proof of lemma 3.5.2.

®Here we use the notation, indicated in remark 3.4.33, i.e. ((ai;), (2i5) = (ai;) + (2i;). We do so, as
the wrong interpretation (a;;) + (2ij)1a, (4) is unnatural here anyway.
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Corollary 3.5.6.
If A is unital, it holds that U/ (A) = U,(A).

Proof 3.5.7.
Consider the isomorphism

Y: GL(A) — GL,(A), u=a+1,—a+1,.

Assume that u =a+ 1, € U/ (A), i.e. u € U,(A"). Then it holds has to hold that
1, L (a+1,)(a+1,)" =(a+1,)(a"+1,) =aa"+a+a" +1,,

L= (a+1,)a+1,) = (a+1,)(a" +1,) =a’ata+a +1,,
& ata+a*=0=daa+a+a".
= Y(W(uw)" =1, = P(u)Y(u) .
The opposite direction is similar. Hence, the restriction of v is an isomorphism for

UL(A) 2 Uy (A). -

Because of the isomorphisms in the unital case, we use GL,(A) and U, (A) for GL! (A)
and U/ (A). As before, let GL(A)o denote the connected component of the unit
element.

Remark 3.5.8.
As can be seen in [Weg93, lemma 4.2.1 and propositino 4.2.4] (and some results of
topology), the connected components coincide with the path connected components

for GL,(A) and U, (A).

Lemma 3.5.9.
It holds that
GL,(A) NUn(A) = Up(A) .

Proof 3.5.10.
“C” the direction Uy C GL,(A)o N U,(A) is immediate.
“>”  Consider the map r: g — g¢|g|™'. From the proof of theorem 3.3.27 we know
that indeed r: GL,(A) — U,(A). Next, we want to show that r is continuous.
Since product, inversion (because of the von Neumann series) and the s-map
are already continuous, it remains to show that \/-: GL,(A);, — GL,(A), is
continuous (where + denotes the set of positive elements from definition 2.4.1).
Let > 0, then for all y > 0 with ||y|| < ||z]| +1 it holds that o(y) C [0, ||z|| + 1].
Hence, by lemma 2.3.20 /- is continuous in z. Since we made no restrictions for
x, the map /- is continuous in all points 2z € GL,(A), and thus continuous on
GL,(A); by lemma 1.2.1.
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So r: g — glg|™! is continuous, and furthermore r(u) = u for u € U,(A).
This means that 7|y, 4y = Idy, ) and r(GL,(A)y) = U,(A)o. But then, for all
u € GL,(A)o NU,(A) it holds that u = r(u) C U,(A)o, so GL,(A) N U,(A) C
Un(A)o. O

Lemma 3.5.11.
For g € GL,(A) it holds that |g|,|g|™' € GL,(A)o.

Proof 3.5.12 (similar to [Weg93, proof of lemma 4.2.3]).

It holds that |g|™' € GL,(A) with |g| as inverse (follows form using the functional
calculus for C*(|g|, 1), since GL,(A) is already unital). Since |g| > 0 we can define
the path

pe = glg| " exp(tIn(|z])) with inverse p; ' = exp(—tIn(|z]))(glg|"")* .

So p; is a continuous path in GL,(A) from py = g|g|~! to p; = g. Then, because of
the continuity of products, and since g € GL,(A), the path g~'p; is a continuous
path in GL,(A) from ¢ 'py = |g|™! to ¢~'p; = 1. Hence |g|™! € GL,(A)y. Since
GL,(A)g is a proper sub group and with the uniqueness of the inverse and unit, it
follows that (|g|™')~' = |g| € GL,(A)o. O

Remark 3.5.13 (Reminder).

From algebra, we recall, that a normal subgroup N <G of a group G is a subgroup
N C @G, such that left cosets equal the corresponding right cosets gN = Ng. The
following properties are equivalent:

N<G <« gNg'CN,VgelG@ & gNg'=N,Vged.
The quotient group is
G/IN={gN |ge G} with gNohN = (gh)N .

The neutral element is N = eN = nN for all n € N and the inverse element of
gN is g7IN.

The quotient group has the following universal property (known as fundamental
homomorphism theorem): Let ¢: G — K be a group morphism and N C
Ker(y), then there exists a unique group morphism ¢: ¢/ — K, such that the
following diagram commutes:

G P
K/A;

For K =1Im(p) and N = Ker(yp) it holds that ¢: Ker(¢) — Im(y) is an isomor-
phism.

K
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Lemma 3.5.14.
For alln € N and n = oo, it holds that GL,,(A)y < GL,(A) and U, (A)o <U,(A).

Proof 3.5.15.
Let g € GL,(A)o, and consider the conjugation map c,: h — ghg~'. Since
GL,(A) is a topological group,c,: GL, (A) — GL,(A) is continuous. Hence, ¢,
maps connected components to connected components. From ¢,(1) = 1 it thus
follows that c,(GL,(A)o) € GL,(A)o.

In the same way, ¢,(U,(A)) C U,(A), for g € U,(A). O

Lemma 3.5.16.
For all n € N the following holds:

GLn(A)/GLn(A)o = Un(A)/Un(A)o

Proof 3.5.17.

Let ¢: U,(A) — GL,(A) be the inclusion and 7: GL,(A) — GLn(4)/aL,(4), as
well as 7': U,(A) — Un(A/u,(4), be the projections to the quotient group. Since
L(Un(A)o) C GL,,(A)o, it holds that U, (A)y C Ker(mor). Then, by the fundamental
homomorphism theorem, there is a unique group morphism ¢: Un(4)/u,(4), —
GLn(A)/GL,(A)o, such that the following diagram commutes:

Up(A) —— 5 GL.(A)

oL
i a0

Un /Un 0 4)@ GLn(A /GL )

It remains to show that ¢ is bijective. To differentiate the coset classes we write
[Jv and []g.
Injectivity: Let [u]y, such that ¢([u]y) = [1]g. Then:

e = e([ulv) = (' (u)) = (pon)(u) = (7o )(u)

This means that uv € GL,(A)o N U,(A), so u € U,(A)y by lemma 3.5.9. So
[u]y = [1]i, which shows that ¢ is injective.

Surjectivity: Let [g]g € GLn(A)/GL.(4) and u = g|g|™' € U,(A). By lemma
3.5.11 it follows that |g|™' € GL,(A). So 7(|g|™!) = [1]¢. Since glg|™' € U, (A)
(proof of theorem 3.3.27) we define u = g|g|™! € U,(a) and obtain:

l9le = 9lc[l]e = n(g)m(lg|™") = n(glg]™) = 7(u) = (7 0 t)(u)
= o(n'(u)) = ¢([u]v) .

This shows that ¢ is surjective. [
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Definition 3.5.18.
We denote the direct limit of the system (GL,,(A), ¢n), where

bumi1: Ma(A) — Mo1(A), 0 (3 ?) ,
with GLy(A) = lim GL,(A). In the same way, we define Uy (A).

We equip GLo(A) and Uy (A) with the limit topology, i.e. U C GLy(A) is
open, if U N GL,(A) is open for all n € N.

For the next lemma, we need a result from topology:

Remark 3.5.19.

Let G be a topological group and H C G be an open subgroup. Then gH for
g £ H is also open. The complement H® = |, ¢n gH is open, so H is closed.
Hence H is closed in G' and thus the union of connected components of G. On the
other hand, a result of topology/group theory is, that the connected component of
the unit element Gy is a sub group of G. Hence, it is the smallest open sub group.

Lemma 3.5.20.
It holds that (GL.,(A)o, ¢mn) a

nd (U,(A)o, dmn) are direct systems with direct
limits (GLx(A)o, D) and (Uso(A)o,

,).

Proof 3.5.21.
(E we consider only GL,,(A)q here, since ®,, and ¢,,,, commute with the *-map.
The maps ¢,,, are continuous and unital, such that

Hence (GL,,(A)o, ¢mn) is a well defined direct system. Since the ¢,,,, are injective,
it follows from corollary 3.1.15, that the ®,, are injective. They are also continuous
and as group morphisms unital, such that

1 GLn(A)y — GLag(A)o .

Let now G = lim GL,(A)p be the direct limit of (GL,(A)o, ¢mn) with maps

U, : GL,(A)y — G, then by definition of the direct limit, there is a unique
morphism £: G — GLy(A)g, such the following diagram commutes:

)4

GLn(A)y 2 GL,(A)y —2 G

GLx(A)o

It remains to show that £ is bijective.
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By definition of the topology of GLy(A), the direct limit G (constructed as in
theorem 3.1.10 ) is an open subgroup of GLy(A)y. However, since GLy(A) is a
topological group, GLu(A)o is the smallest sub group of GL(A), so G = GLy(A)o
by remark 3.5.19. Hence, the inclusion £ = t: G —— GLy(A)g is a surjective
group morphism. Furthermore, as inclusion, it is injective, such that & is a group
isomorphism.

In the same way, one sees that Uy (A)g = lim Un(A)o. O

Corollary 3.5.22.

i) Let ug,u; € GL,(A), such that ®,(uou;’) € GLu(A)g, then there is an
N 3 m > n, such that ¢pm(uou;") € GLn(A)g

i) Let ug,u; € U,(A), such that ®,(ugu}) € Usx(A)o, then there is an N > m >
n, such that ¢pm(ueul) € Upn(A)g

The same holds for uy ug in both cases.

Proof 3.5.23.
Since u¥ = u;!' we only need to consider the unitary case. From lemma 3.5.
together with corollary 3.1.12 it follows that there is an k € N and x;, € Ui(A

such that @y (xy) = @, (uoui). Thus:

20
)07
Since ¥, is injective and @gm(x) € U,n(A)o it holds that

Cbnm(UoUT) = qbkm(xk) S Um(A)O .

Lemma 3.5.24.

Let ¢: GL,(A) — GL,(B) be a continuous group morphism for anyn € N orn =
00. Then there is a unique group morphism p: Gn(4)/aL,(4); — CLn(B)/GL,(B)o,
such that the following diagram commutes:

GL,(A) —2 GL,(B)

wl y

GL"(A)/GLn(A)o i) GL"(B)/GLn(B)O

The same also holds for U,.
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Proof 3.5.25.
Since ¢ is continuous, it holds that ¢(GL,(A)s) € GL,(B)o. Thus GL,(A)y C

Ker(m o ¢). The rest follows from the fundamental homomorphism theorem

GL,(A)

l TOoP
T

GLn(A)/GL,(A)o =5 GLn(B)/GLy,(B)o

The proof for U, is exactly the same. 0

Lemma 3.5.26.
Stmilar to lemma 3.5.106 it holds that

GlLoo(A4) /Lo (A)g = Uoo(A) /U0 (A)

Proof 3.5.27.
As before, the following diagram commutes, and there is a unique morphism by
the fundamental homomorphism theorem:

Uso(A) ————— GL(A)

oL
i ™

Uso (4) /U0 (A)o = GLoo (4)/GLog (A)o

Again, it remains to show that ¢ is bijective.

Injectivity: Let u € Uy (A) and assume that ¢([u]y) = [1]¢. This implies as
before, that u € GLy(A)g. There are k,m € N as well as u/, € U,,(A) and
uy, € GLg(A)g, such that

m

But then, because of the injectivity of ®,, it holds that

O (Pmn () = Pu(Drn(ur)) = 0= Gpn(Uny) = P (ur) -

Since Gy 2 GL(A)g — GL,(A)o but also ¢p,,: Ug(A) — Un(A). Sov € GL,(A)pN
Un(A) = U,(A)o by lemma 3.5.9. Hence, since ®,,: U,(A)g = Usx(A)o, it holds
that u = @, (Pgn(ur)) = Pn(v) € Ux(A)o. So [u]y = [1]y, which shows injectivity.
Surjectivity: Let g € GLy(A), then there is an n € N, and a g, € GL,(A),
such that ®,(g,) = g. Let u, = gn|lgn|™" € Un(A), then by lemma 3.5.11 it we see
that

Uy Gn = 19nlgn 90 = |gn] € GLA(A)o
Thus u == ® ( n) € Us(A), @, (uytgn) € GLoo(A)g ie. [@n(u,'gn)le = [1]¢ and
D, (u,)P,(u"tg) = @,(g). Hence:

]

p([uly) = m(u) = w(u)r(u"g) = n(9) = [glc -
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Theorem 3.5.28.
It holds that

li_r}n GLa(A)/QL,(4)0 = 11_1>n Un(A)/U,,(A)o

X GLoo(A)/GLoo (A)o 2 Uso(A)/Usg(A)o -

Proof 3.5.29.

Since ¢y GLy (A)g — GL,(A)p it holds that ¢y, (GLy,(A)o) C GL,(A). With
Tn(GL,(A)o) C [1]n, so GL,,(A)y C Ker(m, o ¢pmy). By the fundamental ho-
momorphism theorem there is a unique group morphism @, : Gtm(A)/aL,, (4)y —
GLn(4)/@L,(A)o, such that the following diagram commutes:

GL.(A) G GL,.(A)

| e ]
Tm Tn

GLm(A)/GLm(A)O T GLm(A)/GLm(A)O
So it hols that ¢,,, o 7, = G © T, With

Sonkosomnoﬂm:@nkoﬂno¢mn:Wko¢nko¢mn:ﬂ—ko¢mk
= Pmk ©Tm
it follows that (GLa(4)/qL,(A), Ymn) is a well defined direct system.
Since ®,,(GL,(A)g) C GLy(A)g it follows in the same way from the fundamental

homomorphism theorem, that there is a unique group morphism ¢,, : Gtn(4)/ar, (4); —
GLoo(4)/GLao (A)y With @, 0 T, = T4 o @,,. Furthermore, it holds that

(pnogpmnoﬂ-m:Sonoﬂ-no¢mn:7Tooo(I)no¢mn:7Tooo(I)m
= Pm O Ty ,
so all in all, the following diagram commutes:

D

T

Dmn D,

QL (A) —— 2™ GL,(A) GLoo(A)

-l - -

GLm(A)/GLm(A)Q T GLm(A)/GLm(A)o T GLOO(A)/GLOO(A)O

\/

®m

This means, that (GLe(4)/GL.(A)0, @, ) satisfies the mapping property of the direct
limit. Let now (| [, 9»(4)/aL,(A), ¥,,) be the direct limit of (GLn(A)/GL,(A)0, Qrnn), aS
constructed in theorem 3.1.10. Then there is a unique morphism

£: G — Gle(A)/ar(A), such that
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GLn(A)/GL, (A)0 v, a

x 3¢

GL (A)/GLoo (A)o
The map V¥, is given by 7,(g,) = [gn]n = [[gn], n] and & is given by

[[gn], 1] = @n(lgn]) = n(m(n)(9n)) = Too(Pn(gn)) = [Pn(gn)l
To see that ¢ is well defined, let [hp|m € [[gn]n, 7], i-€. [Rm)m ~ [gn]n Which by
definition means:

We have to show that ¢, ([hm]m) = @n([gn)n). However, this holds true, because

Om([Pm]m) = (€ © Pmk) ([Pm]m) = Pr([Dmr(hm)]k) = Pr([Pnr(gn)]r)
= (@1 © ur)([9n]n) = n([gnln) -

So £ is well defined and by construction

(€0 W) ([gnln) = E([gnln, 1)) = @n(lgn)n) = oW, =, .

As usual, it remains to show that £ is bijective.
Surjectivty: Let [g]oo € GL=(4)/GLo(4)y. Then there are an n € N and [g,], €
GLn(4)/GL,(A)o, such that ¢, ([gn]n) = [9]eo. It follows that

g(\lln([gn]n)) = f([[gn]n’n]) = Qon([gn]n) = [g] )

which shows surjectivity.
Injectivity: Assume that (V,,([gn]n)) = £(Vn([hn]n)), then it holds that

Pn([gnln) = [Pnlgn)loc = [Pn(fin)]oo = En([fin]n) -
By definition of the cosets this means:
D;,(gn) GLio(A)o = () GLoo(A)o
= Jdz€GLo(A)o: Pulgn)r = Dp(hy) .

Then by lemma 3.5.20 there is an m € N and z,,, € GL,,(A)o, such that ®,,(z,,) = .
So
P, (gn) P (Tm) = Prl(hn) -
Let kK > m,n, then
Since Py, is injective:
—_———

:::L'kEGLk(A)Q
With [zg]r = [1]x it follows that

Onk([9nln) = [Dnk(9n) |k = [Pk (gn)][k] = [Gnk(hn)] = @k ([Pn]n)

= galn ~ [haln = Vallgn]) = [[9n]n, ] = [[haln, 0] = Un([Ral]n) -
This shows injectivity.
The proof for U, (A) is similar. The isomorphy follows from lemma 3.5.26. [
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3.5.2 The K;-group

Definition 3.5.30.
The K;-group is defined as quotient group:

K;(A) := CLeo(4)/qLeo(A)o -

Because of theorem 3.5.28, we could have used any of these quotients to define Kj.
Depending on the claim to prove, any of these quotients will be used, whichever sees fit.

Remark 3.5.31.
In the following sections, elements of different K-groups will appear at the same
time. For that reason we write [-], for elements of the k-th K-group.

Lemma 3.5.32.
The group K,(A) is commutative, where the product is defined by

fulu[o)y = [uo]y = [diag(u, v)): -

Proof 3.5.33 (from [Weg93, proof of proposition 7.1.2] ).
The definition of the multiplication is well defined, because of remark 3.5.8 and
the following equivalence

un~p v and v ~p v & uw ~p U

Hence, if «’ € [u]; and v" € [v]y, it holds that u'v" € [uv];.
From corollary 3.3.35 it follows that

o]y = [diag(uv, 1)]; = [diag(u, v)]; = [diag(v, u)]s = [vl; .

Lemma 3.5.34 (Functoriality of K).
A x-morphism £: A — B induces a morphism &,: K1(A) — Ki(B).

Proof 3.5.35.
By theorem 2.6.10, £ is continuous. Define &,: GL,(A) — GL,(B) components
wise, then the &, are group morphisms and again continuous.

Consider now the direct systems (GL,(A), ¢mn) and (GLy(B), ¥my,) defined as
in definition 3.5.18. The inclusions ¢,,, do not depend on the algebra, so in
fact ¢pn = Ymn. Since GL,(A) C GL,(A1) and £((0,1)) = (£(0),1) = (0,1) it
follows that ¢y, 0 & = &n © Gmn. By lemma 3.1.19 there is a unique morphism
(: GLy(A) = GL(B). Since GL is quipped with the limit topology, the map
¢ is continuous (by its construction {(®,(a,)) = ®,(£,(a,)) in lemma 3.1.19).
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From lemma 3.5.24 it follows, that there is a unique map
€t GLloo(A)/GLo(A) = K1 (A) — mGLe(B)/GLoe(B)y = K1(B) ,
such that mo &, = (om. [

Remark 3.5.36.

The induced morphism from lemma 3.5.34 is constructed as follows. Let [g]; €
GLeo(4)/GLo(4)y = K;(A) with g, € GL,(A) such that ¢ = ®,(g,). Then if
&t GL,(A) — GL,(B) denotes the component wise extension of £: A — B it
holds that:

&(lgl) = [€(9)l = [Pn(&n(gn))lr € CLeB)/GLac(B)y = K1(B) .

3.5.3 Suspension and higher K-groups

Definition 3.5.37.
The suspension SA of a local C*-algebra A is defined as

SA:=Co((0,1),4) = {f € C(8, 4) | f(1) =0} .

The operations are defined point wise, and SA is equipped with the sup-norm.

With the operations defined point wise, and the sup-norm, SA is a local C*-algebra,
if A is a local C*-algebra. $! C C is the unit circle in C. Since (0,1) and $' \ 1 are
homeomorphic, such that

Co((0,1),4) = Co($'\ 1, A) .

Then $' is obtained from $'\ 1 by a one-point compactification. It can be shown, that
the functions of Co(S'\ 1, A) are those functions, that are in Cy(5!, A) with f(1) = 0.

Corollary 3.5.38 (Functoriality of S).
Every x-morphism ¢: A — B induces a x-morphism S¢: SA — SB by

So: fr—opof.

Proof 3.5.39.
Let f,g € SA, and ¢ a shorthand notation for the algebra operation then, for all
b € B it holds that

So(f o g)(b) = o((f 0 9)(b)) = ¢(f(b) ©
= 5¢(f)(0) o 56(g)(b) = (

For the *x-map, it follows that
So(f)(0) = (6(f (D))" = &(f(D)") = &(f (D)) = SH(f)(D) .
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]

Remark 3.5.40.
A result from analysis is, that continuity is a component wise property, such that

SM,(A) 2 M,(SA) .

The functions correspond to each other by f((a;;)) <> (fij(ai;))-

Remark 3.5.41.

The elements of (SA)T are f @ z with (f,2)(t) = (f(¢),2) = f(t)+ z for f €
= is a functlon in C(3', A™)
( )+

z =1y + 2z with z; € A.

(
C(%', A) with f(1) =0 and z € C. Hence g == (f, 2
with g(1) = z and for all ¢t € $' it holds that g(t) = f
Hence:

(SAt 2 {fe @AY | f)=AeC,VtIaz €A f(t) =\ +x,}
>~ (feC([0,1,AN) | f(0)=f(1)=A€C, V3o, € A: f(t) =A+a2,} .

)
(t

This means, that elements of (SA™) are loops in f € AT, that are constantly f(1)
modulo A. Furthermore, it follows that

S(AT) C (SA)T

Remark 3.5.42.

Let u € Ui (A), then by adding 1 € C, on the diagonal, using the maps ¢y 41 as de-
fined in definition 3.5.18, it is possible to increase k, whenever necessary. Formally
this means, that if @5 (u) = us € Us(A), it holds that ®ypp, (diag(u, 1,,)) = teo-
Furthermore, because of corollary 3.3.35, we find

diag(u, 1px) ~p diag(Lu,,u) VY neN.

Lemma 3.5.43.

Let v € U,(A) and w € Ux_,(A) for k > n € N. Then, there is a k' > k € N,
such that

diag(va w, I]-kz’—k) ~h dla‘g(wv I]-k"—ka U) :

and
diag(v, ﬂk/,n) ~p diag(ﬂk/,n, ’U) o

Proof 3.5.44.
There are three cases. First if k—n < n, there is an m € N, such that k+m—n = n,
since k,n € N. It remains to define k' = k£ + m such that k¥’ — n = n. Then
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diag(w, 1y —x) € Ug—pnip—k(A) = U,(A). The rest follows from corollary 3.3.35:

diag(v, diag(w, 1))~y diag(diag(w, Ly_4), v)
[ || . (3.3)

diag(v7 w, ﬂk’—k) dlag(w7 Ty, U)

The case k — n = n follows immediately.
In the last case n < k—n. Solet a € N, such that k—n =n+a. Let i = n-(k—n)
and
j=i—a=n-(k—n)—a=n-(n+a)—a€eN.

From remark 3.5.42 it follows that
diag(w, 1;) ~j, diag(1;,w) and diag(v, 1;) ~; diag(1;,v) . (3.4)
Furthermore, by construction
n+i=n+j+a=n+a+j=k—m+j
so in the same way as in(3.3)
diag(v, 1;, w, 1;) ~y, diag(w, 1;,v,1;) . (3.5)
So choosing k' = k + ¢ + j and combining (3.4) and (3.5) we obtain the claim:

diag(v, w, :H-k’—k) :diag(v, w, ]]-i—i-j) = diag(v, w, ]]_Z‘7 ]]_])
~h diag(v7 ]1’b w, ]1]) ~h dlag(w7 1]7 v, ]12)
~y, diag(w, 15, 1;,v) ~y, diag(w, Liyj,v)
= dlag(w, ﬂk’—k;; U) .

Theorem 3.5.45.
For all local C*-algebras A there is an isomorphism 04: K1(A) — Ko(SA), such
that for all x-morphisms ¢: A — B the following diragram commutes:

K. (A) —— K,(B)

| Jo

The proof of this theorem is rather involved. To separate the main steps, from the
subtle details and auxiliary remarks, the latter are printer in gray. However, this does
not make the proof any shorter, unfortunately.

Proof 3.5.46.
Construction of 04: Let u € U,(A) and v; be a continuous path from 1
to diag(u,u*) in Us,(A), as in corollary 3.3.35. Note, that actually u € U/(A)
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so by definition v € U,(A") with u = 1,, mod M,(A) etc. . Recall that
pn = diag(1,...,1,0,...,0) € Us,(A) and define

pe=upptf = po=p1=p, and p=p, mod My, (A).

Furthermore it holds that p? = p; = p; so p; € Proj(Ms,(AT)). Considering the
path as set of component functions p: t — p; we see that (since py = p1 = p, €
p € Proj(Ma((SAY)) |

Hence®, [ploo € Koo((SA)T) and understanding p,, as constant loop p,: t — p,
it also holds that [p,Joo € Koo((SA)T). By theorem 3.4.40 (ii) it holds that
[Ploo — [Pn]oo € Ko(SA), such that we can define:

0a([u]1) = [Ploo — [Pn]oo € Ko(SA) .

Well definedness of 04: Let [v/]; = [u];. Because of corollary 3.5.22, there
is a sufficiently large n € N, such that there are paths a; and b, in U, (A) from
1, to (v')*u and from 1,, to v'u*. Recall, that v, is a continuous path from 1 to
diag(u, u*), and define v; to be a continuous path from 1 to diag(«’, (u')*). So

bt = Utan: and define pi‘ = U{‘pn(vg* :
Also, define z; = v; diag(as, by)v; , then
ro=1, x=diag(, (u)")diag((v')*u,u'v*)diag(u*,u) =1 .

Furthermore, z; = 1 mod My, (A) (this can be seen by corollary 3.5.4, which
allows to write all terms in the product as M + 1 leading to something of the form
M’ + 1). Again, understanding x: t — z; as set of component functions, it holds
that

x € Ugn((SA)+) .

For the functions z: ¢t — x; and p: t — p, we calculate (using that v, € U, (A),
diag(as, by) € Usu(A)) and for all M = diag(X,Y) € My,(A") it holds that
Mp, = p,M since p, = (1,0) € My, (A"):

(zpz”); = v} diag(ar, by) pn diag(a;, b7)(v)" = vipa(v})" = p; -

Hence p; ~, pj, that is [poo = [pioo for all ¢, so [ploo = [p']oo, Where again
Pt — p) and thus
[Ploo — [Pn]oo = [pl]oo — [Pnloo -

This shows, that 64 is well defined.

04 is a group morphism: Let [u]y,[v]; € K;(A), (B with u,v € U,(A) and
x,yr € Uz, A be continuous paths from 1 to diag(u,u*) and diag(v,v*). Define
again p: t — p; = ayppa; and q: t — ¢ = byp,b;. Then by construction, 04([u];) =
[p]()(] - [ n]OO and 9A<[U]1) = [q]oo - [ n]OO- With the addition in V(A) from
lemma 3.4.2 it follows that, [ploo + [qloo = [diag(p, q)]oo for My, (A) (or larger

6 Again, sloppy notation! More carefully, one would have to write ®,,(p) etc.
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dimension) and also [p,]oo + [Pn]oo = [P2n]oo. Note that diag(p:, ¢;) is a path from
1 to diag(diag(u, u*),diag(v,v*)) = diag(u, u*,v,v*). Since [u,v]; = diag(u,v) by
lemma 3.5.32 we obtain:

loo + [qJoo) — ([Pn)oo + [Pn]oo)
loo — [Pnloo) + ([gloo — [Pn]oo)
A([u]r) +0a([v]1) -

The diagram commutes: Let [u|; € Ki(A) with v € U,(A), then (in a sloppy
notation) ¢.([u]1) = [¢(u)]; by remark 3.5.36. On the other hand

(S9)«([ploo = [Pn)oo) = (S¢)«([Ploo) — (S¢)«([Pnloo) = [¢ © ploo — [¢ © Proo ,

by remark 3.4.22 and corollary 3.5.38. Furthermore, p denotes the map ¢ + p;, so
¢ o p denotes t — ¢(p;), which we can denote as ¢(p) = ¢ op. All in all, we see
that:

0B (¢«([u]1)) = Os([¢(w)]1) = [@(P)]oo — [¢(Pn)]oo = [¢ © Ploo — [¢ © Pn]oo
= <S¢)*([p]oo - [pn]oo) = (S¢)*(8A([U]1)) .

Injectivity: Let 64([u]i) = 0, where u and vy, p; are defined as in the first part of
the proof. From theorem 3.4.40 (iii) it follows (Recall, that [ploo — [prloo € Ko(SA)),
that for sufficiently large k& € N there is a w € Ug((SA)™), such that

w diag(p, pm)w* = diag(pn, pm)

Furthermore, p: ¢ — p, = vp,v;. Let now v: ¢t — v, denote the path, then
p = vpv* and thus

w diag(p, pm)w” = w diag(v, 1)diag(py, pm)diag(v*, )w” .
= diag(pnupm)

This means that w diag(v,1) has the form diag(a,b) for paths a: t — a; and
b: t +— by, where a € U,((SA)") and b € Up_,((SA)™) This can be seen as follows.
A priori w diag(v, 1) is a block matrix of the form diag(c, 3) of the form with
a € My, and f € Mj_o, because diag(v, 1) is of this form. However in order for a
and p,, which is 1 on the upper n x n-block, to commute, o has to be of the form
a = diag(a,~y) and similarly g = diag(d,€). With b = diag(y, d, €), it follows that

w diag(v, 1) = diag(a,b) .
Since w is a path w: t — w; in Ug((SA)"), it holds that
wp=w; =2 € M(C) = w,=z mod Mg(A) .
The path w € Ug((SA)T) has been introduced, such that

w* diag(p, pm)w* = diag(pp, pm)
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= lw; diag(py, pm)w; = diag(pn, pm) -
Because of py = p1 = p,, it follows in the same way as before, that
wo = wy = z = diag(?’, 2") with 2’ € U,(C), 2" € U,_«(C) .
Then, since vop,v§ = 1 and v1p,v} = diag(u, u*) € Uy, (A), we obtain
ap =72 and a; =72u,

However, multiplying from left with z/~!, z/~!a; is a continuous path in U, (A) from

1 to u. Sou € U,(A)p and thus [u]; = [1].
Surjectivity: Let [®x(p)]oo — [Pr(pn)]oo € Ko(SA) with
p:t— p € Proj(Mi((SA)T)) and p=p, mod M,(SA).

The choice of k has no upper bound. In fact, because of @y o ¢ppr = P we can
increase k arbitrarily. This freedom of choice will be used later on, to simplify the
notation.

Then py = p1 = p, and p; = p, mod My(A). Recall that p: t — p; is a
homotopy between py = p; = p,. From corollary 3.3.31 it follows that there is a
continuous path u; € Ux(A) with ug = 1 and w;p,u; = p;. For t = 1 this reads

UIPpU] = D1 =D = UiDp = DpUy .

Hence u; has the form diag(v, w) with v € U,(A) and w € Uy_,(A).
Next we increase k to k', and define @ = diag(w, 1 _y). It follows that @* = w*.
Because of lemma 3.5.43, k' can be chosen, such that

diag(v*, @) ~y, diag(w*, v™) .
Yet diag(u, 1) is a continuous path form
uo = diag(ly, L) = 1 to diag(v,w, 1) = diag(v, w) .
So, together with the continuity of the *-map:
diag(v,w) ~p, 1y = diag(w*,v) ~y, diag(v™,w") ~y 1}, = 1p .

Multiplying with diag(w, 1,,) from the left, we get

diag(Lgr_p,v™) ~yp, diag(w, 1,) .
Adding k' — 2n ones on the diagonal, leads to

diag(Ly—p, v, Lgr_o,) ~p diag(v, Log—3,) ~p diag(w, 1y_y,)

Defining k" = 2k’ — n and @ := diag(w, 1 _,) we obtain

~

diag(v*, ]lk//_gn) ~p W,



3.5 Higher K groups 153

where w € Upr_,(A). Since we could have chosen k to be k" in the first place by
Oy 0 Pp i = Pi, we simply write

diag(v*, ]lk_gn) ~p W in Uk_n(A) .

Let b; be a continuous path in Uy_,(A) from w to diag(v*, 1x_2,) and again by
corollary 3.3.35 z; be a continuous path from 1 diag(v, v*, 1x_o,). Define ¢;: zipn 27,
then this is a continuous path in Ug(A) from p, to diag(v,0), such that

QA([U]l) = [(]]00 - [ n]OO )
where ¢: t — ¢;. Now define x; == u, diag(1,,w*b;)z;, then 2y = 15 and
x1 = diag(v,w) diag(1,,w*diag(v*, 1x_o,))diag(v™, v, 1x_o,) = 1j .
This means that = € Ux((SA)T). Considering xqz* as path xqz*: t — (zqx*), we
find
(xqax™); = wdiag(1,, w b))z zepnz; zediag(1, byw)uy

= wpdiag (1, w*by)ppdiag (1L, byw)u;

= wypndiag(1,, w*b;)diag(L, bjw)u;

= utpnu;jk =Dt -

So zqx* = p, with z € Uk ((SA)*), which means ¢ ~,, p, which by definition means

[q]oo = [ploo- Hence we have 04([v]1) = [¢loo — [Pn]oo = [Ploo — [Pn]oo, Which shows
surjectivity. O

Corollary 3.5.47.

Let uy € Ug(A) be a continuous path from uy = 1y to u; = diag(v,w), where
v € Uy(A) and w € Uyx_,(A). Then by increasing k to k' and identifying w with
diag(w, 1_,,) it holds that

diag(v*, ]lk/_gn) ~npw .

Proof 3.5.48.
This has been shown in the surjectivity part of the proof of theorem 3.5.45. [

Lemma 3.5.49.
The functor S is additive and commutes with direct limits over N.

Proof 3.5.50.

i) First we observe, that continuity in A; @& Ay = A; X Ay is a component wise
property. So

[ — Ao Ay, t— f(t) = (A), f2(t)
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ii)

is continuous, if f;: $! — A; are continuous and wise versa. So
(fl, f2) € C(Sl, A1 EB Ag) and fz =1T; O f € C(Sl,Al) y
where m;: A; @ Ay — A; is the canonical projection. Furthermore

f)=(0,0) < fi(1)=0.
This shows that S(A; & Ay) = S(A41) & S(A2).

Let (A, ®,) be the direct limit of (A,, ¢mn), then, because of functoriality
(SA, SP,,) satisfies the mapping property for (SA,,, Smy) (cf. proof of theorem
3.4.12). Let (h_r}n SA,,¥,) be the inductive limit, then there is a unique

morphism ¢: lim lign SA, — SA, such that the following diagram commutes:

SA, Yy lim S A,

S%J
Flp

SA

As usual, it has to be shown, that ¢ is bijective.

Injectivity: Let f € li_r)n SA,, such that f = U, (f,) and assume ¢(f) =
0= S5%,(f,). This means that

Vite (0,1): SP,.(fn)(t) = D,u(fu(t)) =0
and S(I)n(fn)(o) = S(I)n(fn)(l) =0,
S Bu(fu(D) =0 Vielo1].

Since ¢, are *-morphisms, they are norm decreasing (theorem 2.6.10) and
thus

Define gi: || - || © dnk © fu: [0,1] = R, ie. gi(t) = ||dnk(fn(2))]], then (g) is
a monotonously falling series of functions [0,1] — R with continuous limit
function g, = 0. By Dini’s theorem (since [0,1] C R is compact) it follows
that (gx) converges uniformly against O:

nf sup gi(t) .

= 0= ufllgn = Ollup = juf sup

It follows that (cf. example 3.1.6)
[ £l = limsup [|Sgnux(fo) || = 111>1f sup || Sdnm (fo) l
k>n ZNm>k

inf | S (fu)] ;gntzl[g)l]llcbk ()]

= inf sup t)=20,
K2n e fon] gk( )
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where we used that |[S¢,m,(f,)| is decreasing, such that the supremum can
be ignored. We have obtained || f|| = 0, which means that f = 0. So ¢(f) =0
implies f = 0, which implies injectivity.

Surjectivity: Let f € SA, then, since f € C([0,1], A) with f(0) = f(1) =0
and [0, 1] is compact, f is uniformly continuous. Let ¢ > 0, then f can be
approximated by a polygonal chain, that is

dINeEN, O<ty<t1<...<ty<l1:

Hf(t) - (f(t) T +f( j+1) tie t )H <e Vte [tj,tj+1] .

tiy1—t;

:ZEJ' (t)

There are by, ...,by € Ay, such that ®,,(b;) = f(¢;) € A. Since f approaches
0 for t — 0,1, we may assume that by = by = 0. Consider

tit1—t t—t;
g(t) — bj tjj:llftj + bj"‘lthjtj , te [tja tj—i—l]
0 , t<tyort>ty

then g is continuous and thus g € SA,,. It follows that

P(Un(9))(t) = SPulg)(t) = Pn(g(?))

tig1—t t—t,
_ (Dn(bj>t;++11—tj + cbn(bjﬁ»l)m ) t c [tj, tj+1]
0 Ct<toort>ty
tii1—t t—t,
I F )2 e T il
0 C t<tyort>ty
_ G L telt, bl
0 . t<tyort>ty

This means that

I0a0) = 1l = max s 176) = 0l sup 176) = 0]

mx{ s 70 00} <
J te[tj,th}

Hence Im(p) C SA densely. From corollary 2.6.12, it follows that the extension
@ to the completion of SA and li_r}n SA, of ¢ is closed. So ¢ is closed for the

subset topology of SA C SA, and thus Im(p) = SA.

Theorem 3.5.51.
The functor Ky from local C*-algebras to abelian groups is homotopy invariant,
additive and commutes with direct limits over N.
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Proof 3.5.52.

i) Recall that homotopy invariance means that if ¢, ¢;: A — B are homotopic,
then (¢o)s« = (¢1)«. So let ¢; be a homotopy for ¢y and ¢;. It follows that S¢;
is a homotopy for S¢y and S¢;. By theorem 3.4.43, K, is homotopy invariant,
such that

From theorem 3.5.45 it follows that
(¢0)s = 05" 0 (Sgo) 004 = 05" 0 (Sp1)s 004 = (¢1)s .

ii) From theorem 3.4.43 and lemma 3.5.49 we know that both Ky and S are
additive and commute with direct limits over N. With the isomorphy of
theorem 3.5.45 we find:

Ki(A® B) = Ky(S(A® B)) = Ko(S(4) & S(B))
= Ko(S(A)) ® Ko(S(B)) = Ki(A) @ Ki(B) .
iii) and also:

Ky (lim A,) & Ko(S(lim A,)) 2 Ko(lim S(A,))
= lim(Ko(S(4,))) 2 lim K, (A,) .

Lemma 3.5.53.
Let J C A be a closed ideal of a local C*-algebra A, then S(4/s) = 5A)/s().

Proof 3.5.54.
J has to be closed, such that 4/s is a local C*-algebra (cf. lemma 1.4.24). Let
feSAand h e SJ, then f(t) € A and h(t) € J for all t € $'. Tt follows that

(FR)(t) = FOh(t) € T and (RF)(E) = h(DF(t) € J
such that fh, fh € SJ. So SJ is indeed an ideal of SA.

Let in the following 7: A — 4/s and II: SA — 54/ss denote the canonical projec-
tions. Consider the following map:

O: 5455 — S(A)), [f]— 7o f.

Well definedness: The map 7o f is a map $' — 4/s with

(mo /)(Mm(f(1)) = 7(0) = [0] .
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Since 7 is continuous by definition of the quotient topology, 7o f is continuous (by
assumption f € SA). It follows that 7o f € S(4/s). For h € SJ it follows that

(w0 h)(t) = m(h(t)) = [0] .
Let now g € [f], i.e. ¢ € SA and there is a h € SJ, such that g = f + h, then:
(mog)(t) =m(g(t)) = m(f(t) + h(t)) = 7 (f(t)) + m(h(t))
= w(f(£)) +[0] = (wo f)() .

So @ is indeed well defined.
Morphism property: From the point wise definition of the operations, it follows
that ® is a *-morphism:

o([f] o [g))(t) = D([f o g)) (1) = 7(f(1) o g(1)) = 7(f(£)) o 7(g(1))
= ((rof)o(mog))t)

and &([f])" = (o f) =7of =mof = B(F) = B(f") .
Inectivity: Let ®([f]) = [0], then m o f = [0]. This means that f € SJ, so

[f1=11(f) = [0]. _
Surjectivity:  Similar to the surjectivity part of proof 3.5.50, let f € S(4/J),
which is uniformly continuous for the same reason. Then, f can be approximated
by a polygonal chain

dANeN, O<ty<t1<...<ty<l1:
[76) = () + flt) 255 )| <2 Ve lty bl .

Then, there are by, . ..,by € A, such that 7(b;) = [b;] = f(t;). Since f approaches
[0] for t — 0,1, we can (E assume that by, by = 0. As before consider

tjt1—t t—t;
g(t) = bjtjj:—tj + bjﬂm , e[t ]
0 , t<toport>ty

As polynomial, g: [0,1] — A, ¢+~ g(t) is a continuous map. Since g(0) = (1) =0,
it follows that g € SA. Furthermore:

(mog)(t) =m(g(t) = { éj(t) : i i[tt(f Sﬁ]z ty

So we have again:

|mog— fl| = max {sup £ ()], sup [ F D)
t<to t>tn

max{ s 170 - 601} <<
J tE[tjﬂfjJrl]

which means that Im(®) C S(4/7) densely. As in proof 3.5.50, ® is closed and thus
Im(®) = S(4/). O
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Lemma 3.5.55.
The sequence

0 —— S(J) =2 S(A) =22 S(4/) —— 0

is a short exact sequence.

Proof 3.5.56.
From the proof of lemma 3.5.53 it follows that S(J) is an ideal of S(A). Let
h € SJ, then
Su(h)(t) = u(h(t)) =h(t) €A VteS,

so St: SJ — SA is the inclusion. B

Let f € S(4/7), then by lemma 3.5.53 (E f € 54/ss by isomorphy. Then there
is an f € SA, such that II(f) = f, where II: SA — 54/s; denotes the conical
projection. Next we observe that

L(f)(t) = p(f(1) = f(&) +h(t) = (f(t) +a) =h(t) —a€ ] VieS',
where h € SJ and a € J are arbitrary. However this means that Sp(f) = po f =
II(f). Hence Sp: SA — 54/ss = S(4/s) is the canonical projection.

As inclusion St is injective, so KerS: = 0, and as canonical projection, Sp is
surjective, so Im(Sp) = S(4/s). Since Sp(SJ) = 0 it also holds that Im(S¢) =
Ker(5S).

O

Theorem 3.5.57.
For every local C*-algebra and every closed ideal J C A, the sequence

Ki(J) 2= Ki(A) —2— Ki(4/)

is exact, where j: J — A and p: A — A/s are the inclusion and canonical
projection.

Proof 3.5.58.
So with theorem 3.4.53, we find that

Ko(S7) 22 Ko(SA) 22 Ko(54/s0) = Ko(S(5/4))

is exact. With theorem 3.5.45, the following diagram commutes, where 6, are
isomorphisms:

Ki(J) —5— Ky (A) —2—— K (4))

e{ IaA IGA/J

Ko(SJ) —gi Ko(SA) —55— Ko(S(4))
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Hence, the upper row is exact, i.e. Im((St).) = Ker((Sp).).

Remark 3.5.59.
Again, the functor K7 is not exact, so adding zeros at the ends of the sequence
from theorem 3.5.57, will not make it a shot exact sequence in general.

Lemma 3.5.60. e ~
Suspension commutes with completion: SA = SA.

Proof 3.5.61.
Let ¢: SA — SA be the inclusion. It holds that ¢ is an isometry, since the inclusion
A C A is isometric:

[fllsa = sup 1F(#)lla = sup F@lz =1 lsz -

So ¢ is especially bounded. By the bounded linear transformation theorem, there
exists a unique extension gb SA — SA. Since also the inclusion SA C SA is
isometric, it follows that (b is an isometry. Hence:

of)=0 = JoNHl=Ifl=0 = f=0,

which show that ¢ is injective. Similar to proofs 3.5.50 and 3.5.54, one can
approximate a g € S A by a polygonal chain of length n, ¢, (t), such that Im(¢) C
S A densely. As before, it follows from corollary 2.6.12, that Im(¢) = SA, and thus
qb is also surjective. O

Corollary 3.5.62.
It holds that K1(A) = K1(A® K).

Proof 3.5.63.
Since S(M,(A)) = M,(SA) (remark 3.5.40) and since S commutes with direct
limits by lemma 3.5.49 and with completions by lemma 3.5.60, it holds that

S(My(A)) = S(lil)n M,(A)) = lil)n S(M,(A)) = li_r)n M, (SA)
= My (SA) .
Furthermore, S commutes with completions by lemma 3.5.60
=  SA®K = My(SA) = S(Mo(A) = S(A®K) .
With theorem 3.5.45 and 3.4.45 we find:
Ki(A) =2 Ky(SA) 2 Ky(SARK) 2 Ky(S(ARK)) = Ki(A®K) .
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With theorem 3.5.45 in mind, we make the following definition:

Definition 3.5.64.
For n > 2 we define the n-th K-group inductively as

3.5.4 Long exact sequence

We start with the sort exact sequence

0 J—ts AL Al ——0

We already know, that neither Ky nor K preserve the sort exactness. However, we can
construct a long exact sequence.

For the next lemma, we recall from corollary 3.2.26, that a unital surjective, bounded
(i.e. continuous) morphism ¢: A — B maps the connected component of the unitals in
A to the connected component of the unitals in B:

Since the proof of corollary 3.2.26 (and the preceding lemma) only use functional
calculus, the results also hold for unital local C*-algebras. Following definition 3.5.1,
we observe that U, (A) = U(M,(A);), where

MYAT) ={u e M,(A") Ju=1 mod M,(A)}.
So even in the non-unital case, we have

$(Un(A)o) = ¢* (UM, (A"))o) = U(M,(B"))o = Un(B)o -

Lemma 3.5.65.
i) Let u € U,(4/7), then there exists a v € Uy, (A)g, such that
p(v) = diag(u, u")

it) Let u € Uy(4)s). If there is a w € U,(A), such that u ~y p(w), then
u € p(Un(A)), i.e. 3v e Uy(A), such that p(v) = u.

Remark 3.5.66.
Of course p: A — 4/s is extended to Us,(A) as usual, by first extending p to

p", and then having it act component lemm:S is additive and commutes with
limitswise on My, (A1) — My, ((4/5)T).
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Proof 3.5.67.

i) From corollary 3.3.35 it follows that diag(u,u*) ~, 1, such that diag(u,u*) €
Uzn(4/7)0. It holds that p(U,(A)o) = U,(4/7)o, such that there is a v € Us,(A)o
with p(v) = diag(u, u*).

ii) If u ~, p(w), then there is a path p; € U,(4/7)o from u to p(w). It follows
that p; is a path from u* to p(w*). So up; is a path from vu* = 1 to up(w*).
In other words up(w*) € U, (4/1)o. Since p(U,(A)o) = Un(4/7)o, there is a
x € U,(A)o, such that p(z) = up(w*). This is equivalent to

u = p(x)p(w*) ™" = plz)p(w™ ")~ = p(z)p(w) = p(zw) .

Then v = 2w € U,(A). O

Remark 3.5.68.

The element v is called a lift of diag(u,u*) and wu respectively, since p(v) =
diag(u, u*) and p(v) = wu respectively. This name is inspired by the general lift.
Let f: X - Y and g: Z — Y be two morphisms. A morphism h: X — Z, that
makes the diagram

<N

%
—
f

X

is called a lift of f.

Definition and Lemma 3.5.69.
Let u € U,(4/7) and v € Us,(A)o be a lift, i.e. p(v) = diag(u, u*). The index
map is defined by

0: Kl(A/J) — K(](J) : [U]l — [’Upnv*]oo = [ n]OO .

and is a well defined group morphism

Remark 3.5.70.
In the proof we will show, that vp,v* € J. In J it is not generally possible to find
j € J, such that jup,v*j* = p,, so

[’Upnv*]oo - [ n]OO #0 in KO(J) )

in general. However, considering [vp,v*|oo — [Pn]oo in Ko(A), we can choose j = v*
and find
U*(Upnl}*>1} =Pn = Upnv* ~u Pn
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and thus
[UPnv*]oo — [Pnloo =0 in Ko(A) .

= 1,00=0.

Proof 3.5.71.
Well definedness: It holds that p(p,) = p,, since A* 3 (0,1) ¥ (0,1) € (4/2)*
and thus

p(vp,v™) = diag(u, u*)ppdiag(u*, u) = py, .
Hence p(vp,v* — p,) = pn — pn = 0, which means that vp,v* — p, € My, (J).
However, then vp,v* € My,(JT), and it follows from theorem 3.4.40 (ii) that
[Upnv*]oo — [ n]og € K()(J) So a([u]l) c Ko(J) indeed.
Let now w € Uy, (A) be another lift of diag(u,u*). Let 2z :== wv™! € Uy, (A), then

p(z) = p(wo™") = p(w)p(v)™" = diag(u, u*)diag(u, u") ™" =1

and so z € Us,(J). But then, since in general [z]og = [yzy*]oo in Koo:

[0Pnv*Jo0 = [Prloo = [wv ™ vp,v* ((v°) " w*) oo — [P]oo
= [wpnwoo — [Puloo = [zwpnw™2 oo — [Pnloo -
So the map 0 does not depend on the lift.
Next let v’ € U,(4/s), such that [u]; = [u]; in K;(4/7). Then, «' = uy for a
y € Upn(A 1), ux v =u'uy =y € U,(4/7)o and similarly u(u')* € U, (4/7)y. From
corollary 3.2.26 it follows that there are lifts a,b € U, (A)o, such that p(a) = u*u’
and p(b) = u(u)*. We find

p(vdiag(a, b)) = diag(u, u*)diag(u*u’, u(u')*) = diag(v', (u')*)
so vdiag(a, b) is a lift of diag(«’, (u")*) and because diag(a,b) and p,, commute:
[vdiag(a, b)p,diag(a™, b*)v* oo — [Pn]oo = [vPnV" 0o — [Pnoo
Hence § does not depend on the representative of [u].

Morphism property: Let u,u € U,(4/s), and let v,0 € Us,(A) be lifts, i.e.
p(v) = diag(u, u*) and p(v) = diag(u, u*). It holds that

1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1

= p(w diag(v, v)w") = w diag(u, u*, u, u*)w* = diag(u, , u*, ") ,

so w diag(vo)w* is a lift of diag((u, ), (u, w)*) = diag(u, , u*, u*).
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Furthermore, with w = w* we also have wpy,w* = diag(p,, pn), so we find

w diag(v, 0)w*pe,w diag(v*, v")w*
= w diag(v, v)wp,w* diag(v*, v*)w*
= w diag(v, v)diag(p,, p,)diag(v*, v*)w*
= w diag(vp,v*, 0p,, 0 )w*

~u diag(vpnv*, T}pna ﬂ*)

From lemma 3.5.32 we know that [u][u] = [diag(u, @)], so we can show the morphism
property:

O([u]:[a]1) = O([diag(u, u)]1)
= [w diag(v, V)w*pe,w diag(v*, 0" )w* oo — [Pan)oo
= [~ diag(vp,v™, Upy, 0)]oo — [diag(pn, Pn)]oo
= [diag(vp,v™, 0)]oo — [diag(pn, 0)]oo
+ [diag(0, vp,0")Joo — [diag(0, py)]oo
= [diag(vp,v™, 0)]oo — [diag(pn, 0)]oo
+ [diag(0p,0”, 0)]oo — [diag(pn, 0)]oo
= [vPnv"]oo — [Pn)oo + [UPnT" 00 — [Pn]oo

= O([u]r) + 9([u]) -

Lemma 3.5.72.

For every x-morphism ¢: A — B and all closed ideals J C A and I C B with
o(J) C I, the following diagram commutes:

(A1) —2 Ky (5/1)

)| Jo
Ko(A4) —5— Ko(B)

Rerrlark 3.5.73.
For ¢ = pro¢: A — B/r it holds that

o) I = o) =pi(d(]) = pi(1) =10],

where pr: B — B/I is the canonical projection. Then by the fundamental theorem
on homomorphisms for rings, there is a unique ¢: 4/ — B/1, such that the
following diagram commutes:
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o~

ALB/I

Al

Proof 3.5.74.
Let u € U,(4/7) with lift v € Us,(A) of diag(u, u*). Then with remark 3.4.22 we
find (recall from the beginning of subsection 3.4.3 that ¢(p,) = ¢ (pn) = pn):

(0 0 0)([ul1) = ¢« ([vPnv™]o0 = [Prloo) = [#(0)Pn(v)Joo = [Prloo -

Next we observe, that ¢(v) is a lift of diag(¢(u), gzNS(u)*)

diag((u), $(u)") = diag(d(u), (u")) = d(diag(u, u")) .

In the remark we have seen that ¢ o p; = ¢ = p; o ¢. Since p(v) = diag(u, u*) we
have:

diag(¢(u), ¢(u)*) = @(diag(u, u”)) = ¢(ps(v)) = pi(¢(v)) -

Finally we calculate with remark 3.5.36:

(90 6.)([uh) = 0(6.([u]1) = O([6(w)]1) = [$(v)pad(v) oo — [Pu]oo
= (¢ 0 0)([ulr) -

Theorem 3.5.75.
The following sequence is exact

K1 (J) 5 K1 (A) 25 Ky (40) -2 Ko(J) -5 Ko(A) 25 Ko(4/0)

Proof 3.5.76.
Exactness in all but K;(4/s) and Ky(J) follows from theorems 3.4.53 and 3.5.57.

It remains to show exactness in K;(4/7), i.e. Im(p.) = Ker(0) and exactness in
Ko(J), i.e. Im(0) = Ker(ty).

Exactness in K;(4/7): Let u € U,(A), then v = diag(u,u*) is a lift of
diag(p(u), p(u)*). Since diag(u, u*) commutes with p,,, it follows that 9([p(u)];) = 0,
such that Im(p.) C Ker(9).

On the other hand, let u € U, (4/s) with 0([u];) = 0. Let v € Us,(A) be a lift of
diag(u, u*), then O([u];) = 0 means that [vp,v*|oo — [Pn]oo = 0.
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Next we define the partial isometry w: vp,, € Ma,(AT) (cf. definition 2.9.30 and
lemma 2.9.31). Tt holds that

w'w =p, and ¢:=ww* =vp,v*.
Furthermore, we observe that

p(w) = p(upn) = diag(u, u*)p, = diag(u,0) .

Since v € U, (A) it holds that v = 1 mod My,(A) and so ¢ = vp,v* = p,
mod My, (A). Note that we have seen in proof 3.5.71, that ¢ = vp,v* € Ma,(JT).
Hence ¢ — p, € M3,(A) and from theorem 3.4.40 (iii) it follows that there is an
m € N and an k > m + 2n, such that

diag(q, pm) ~u diag(pn, pm) in My(J")

Because of theorem 3.3.27 it equivalently holds that

dlag(qapm> ~s dlag(I)n’pm)
With theorem 3.3.15 we find that then also

I — diag(g,ppn) ~ 1 — diag(pa,pm)
| |

diag(12, — ¢, Lx—2n — Pm) diag(La, — Py Lk—2n — Dim) -

One easily checks, that these are projections, since
2 * * 2k *
q = UppU VPRV = VP,V = UPpU = (g

and  ¢" = (vp,v*)" = vpvt =q .
However, then theorem 3.3.23 can be applied, which means that there is a partial
isometry w’ € My(J*), such that
(w/)*w/ - dlag(ﬂ-Zn — Pn, ]]-k—2n - pm)

and  w'(w')" = diag(lon — ¢, Li—2n — Pm) -

From lemma 2.9.31 it follows that w'(w')*w’ = w'. With (w')*w'diag(p,,0) = 0 we
also find that
w'diag(py,,0) = w'(w')*w'diag(p,,0) =0 .

Hence w' is of the form v’ = diag(0,,x). Using p(q) = p, (see proof 3.5.71) we
obtain:
diag(pn, 0)p(w") = diag(p,, 0)p(w'(w")*w") = diag(pn, 0)p(w'(w")*)p(w")
= diag(py, 0)diag(1a, — pp, Le—20 — Pm)p(w’) =0 .

This means, that p(w’) = diag(0,, 2’) where 2’ € M}_,,(C) Recall that w’ € My (J )
and that p™(j,2) = (0, z) for j € J.
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Now define z := diag(w, p,,) + w’. It holds that v’ L diag(w, p,), which can be
seen as follows:

w'diag(w, pp) = w' (w')*w'diag(vp,, pm)
= w'diag(Lan — Pn, Li—20 — pm)diag(vpn, pm) = 0

Then we can calculate:

7'z = (diag(w", pm) + (w')")(diag(w, pm) + w')

*x

— diag(w’w, p) + (w')"w
= dlag<pn>pm) + dlag<12n — Pn, ﬂkun - pm)
= ]Lk

and also

= (diag(w, pn) + w')(diag(w®, pm) + (w')")
= diag(ww", py,) + w'(w')”
- dlag(Q7pm> + dlag(ﬂ-2n —q, ]]-k—2n - pm)

So z € Ui(A™) (It is not clear yet, that z = 1, mod M(A).) . We have
p(z) = diag(u, p,,) + diag(0, 2') = diag(u, 2") € Up((4/1)") ,
ie. 2" € Uy_,(C). Finally consider 2’ = diag(1,, (z")*)z, then

p(2') = p(diag(Ln, (z")")z) = p(diag(Ln, (")"))p(2)
diag(1,, (z")*)diag(u, ") = diag(u, 1y, .

and since u € U, (4/7) already, it holds that 2/ = 1, mod Mk(A) (Again, using
that p = p* does not act on the C component.) such that 2z’ € Ux(A). So we have:

pe([2'11) = [p(2)]1 = [diag(u, 1)]y = [uly .
This shows that Ker(9) C Im(p,) and thus Ker(9) = Im(p.).

Exactness in Ko(J): In remark 3.5.70, we have seen that ¢, 0 0 = 0, so
Im(0) C Ker(sy).

On the other hand, let [ploo — [pPn]oo € Ko(J), where p € Mo, (JT) with p — p, €
My, (J) (see theorem 3.4.40) and [ploo — [Pn]Joo = 0 in Ko(A). Then (again theorem
3.4.40) there is an m € N and k > m + 2n, such that

diag(pn, pm) ~u diag(p, pm) -

Using conjugation by unitary matrices, we can reorder the ones and zeros of
diag(pn, pm), such that

Prtm ~u diag(pn, Dm) ~y diag(p, pm) -
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That is, there is a u € Ug(A™), such that

upn—i—mU* = dlag(papm) .

However, by adding zeros, i.e. increasing k, we can consider something of the form
diag(u, u*) instead, as the parts after u vanish because of the zeros:

diag(u, ﬂma U*> ﬂma 12n—2m)diag(pn+ma O)dlag(U*a ]lm7 u, ﬂmv ]12n—2m)
= diag(p, pm, 0) -
To simplify notation, we identify, by increasing k and n to n +m :
Pn = diag(pn+m7 0) )

p = diag(p, pm, 0) ,
u = diag(u, u”, lan) € Usn(A)o .1

So (E there is a u € Uy, (A)g, such that up,u* = p. It follows that

p(u)pn = p(up,) = p(up,u*u) = p(pu) = p(p)p(u) = pnp(u) .

Thus it holds that p(u) = diag(uy,us) with uy € U,(4/1) and uy € Us,(4/7).
Because of u € Uy, (A)o, there is a path u; from ug = 1y, to u3 = u. Since p
is unital, surjective and continuous, it holds that p(Uy,(A)g) = Usn(4/7)0 (see
corollary 3.2.26), i.e. p(u;) is a path from 14, to p(uy) = p(u) = diag(us, uy). From
corollary 3.5.47 we know, that by increasing n, we can assume that

Ug ~p dlag(u’f, ILQn) .
Multiplying from the left with uy ' = u yields
13, ~p usdiag(ui, 1o,)

or put differently wjdiag(uj, La,) € Usn(4/7)o. Corollary 3.2.26 now assures the ex-
istence of a unitary lift, i.e. thereisa v € Us,(A)g, such that p(v) = uidiag(ui, 1ay,).
Define w := udiag(1,,v) to obtain:

p(w) = diag(uq, ug)diag(1,,, usdiag(u;, 1a,))
= diag<u17 u2>dlag(1n7 u;)dlag(lnv UT, 12”)
= diag(u,uy, loy) .

and because p,, = diag(1,,03,) in My, (A):
p = uppu* = udiag(l,, v)p,diag(l,, v*)u* = wp,w* .
Hence it follows that

I([diag(u1, uy, L2,)]1) = [wpnwloo — [PnJoo = [Ploo — [Pnloo
i.e. Ker(s,) € Im(0) and thus Ker(c,) = Im(0). O

"Again, here we use corollary 3.3.35 to find that diag(u,1,,u*, 1y, lon_2m) ~n lan, so
diag(u7 ]]-m7 U*a ]]-ma ]]-2n72m) € U4n(A)O
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Corollary 3.5.77.
Because of lemma 5.5.55 it holds that

K1 (J) =5 Kopr(A) 25 Ko (A0) -2 Ko (J) -2 Ko (A) 25 K, (4)9)

18 an exact sequence.

Proof 3.5.78.
It is enough to use that K;(S™(J)) = K,+1(J) and Ko(S™(J)) = K,(J) etc.
because of theorem 3.5.45. O

Definition 3.5.79.
The short exact sequence

0—s AT B2 ,0—50

is called splitting, if there is a morphism h: C' — B, such that go h = Idg. The
right inverse morphism #h is also called section.

The splitting lemma allows to characterize splitting short exact sequences by different
conditions.

Lemma 3.5.80 (Splitting lemma).
Let

0—s A1 3B, 0c—50

be a short exact sequence, then the following claims are equivalent:
i) The short exact sequence is splitting.
it) There exists a morphism r: B — A, such that r o f = Id 4.

iti) There is an isomorphism [: B — A® C, such that [ o f: A — A® C is the
canonical inclusion and go I™': A® C — C is the canonical projection.

The proof can be found on [Wik19], for example.

Lemma 3.5.81.
Let the short exact sequence
0 J—— AL 4, 0

——

o

be splitting. Then the sequence

0 —— K.(J) -2 K,(A) 2= K,(47) —— 0
o+
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is a splitting short exact sequence for all n.

Proof 3.5.82.
Because of functoriality, it holds that Sp o So = Idg/,). Together with lemma
3.5.55, this means, that suspension preserves the split exactness.

We obtain the following sequence

Ki(J) 5 Ki(A) B Ki(Ag) % Ko(J) 5 Ko(A) & Ko(4)

*

that is exact because of theorem 3.5.75. Again, because of functoriality, it holds
that p, 00, = Idg,(a/,) and p, 00, = Idg, (a7,y. Then, for all x € Kq(4/), it holds
that p.(o.(x)) = x, so o, is surjective. Hence, the sequence is exact in Ky(4/7), i.e.
we can add a zero on the right:

Ki(J) 5 Ki(A) 2 Ki(4/J) D5 Ko(J) 2 Ko(A) 2 Ko(4)7) — 0

For the same reason, p,: Ki(A) — K;(4/s) is surjective, i.e. Im(p,) = K;(4/7).
Because of theorem 3.5.75, it holds that

Ker(d) = Im(p,) = K1 (4/s) .

0: Ki(45) — Ko(J), [uli—0.

This means, that 0 is the zero map, and we can replace it by 0 — in the sequence,
to obtain the following short exact sequence that splits.

0 — Ko(J) = Ko(A) & Ko(A/s) — 0

O x

Since suspension preserves the exactness and the splitting property, the proof holds
for general n (using corollary 3.5.77 and K, (A) = Ky(S™A)). O

Corollary 3.5.83.
Let the short exact sequence

L p
0 J AUA/J 0

be splitting, then it holds that K,(A) = K, (J) ® K,(4/1).
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Proof 3.5.84.
By lemma 3.5.81, the sequence

o+

short exact and splitting. The rest follows from the splitting lemma. O]

Lemma 3.5.85.
The inclusion A C AT induces an isomorphism of abelian groups K;(A)

Ky (AT).

~~

Proof 3.5.86.
The short exact sequence
0 A—— AT > C 0

—
J

splits for the map j: C — A", z — (0,2). Furthermore A is a closed ideal of
AT 2 Ax Cand A7/4 2 C, as seen on page 127. So by lemma 3.5.81, the following
sequence is short exact and splitting:

0 —— Ki(A) —“— K|(A") —~— K,;(C) —— 0

VES

With more topology, it can be shown, that V(SC) = 0 and thus Ky(SC) = 0.
Because of theorem 3.5.45 it holds that

K1(C) = Ko(SC) =0,
so that 7, is the zero map. From corollary 3.5.83 it follows that
Ki(AN) 2 Ki(A) @ K(C) = K1 (A) @ 0= K((A) .
O

So far, the results of exact sequences only hold for ideals and quotients. However,
identifying short exact sequences with ideals and quotients allows to carry over the
results for all short exact sequences.

Lemma 3.5.87.
Let ¢: A — B be a x-morphism of local C*-algebras and

0 — Ker(¢) —— A —* B 0

be a short exact sequence. Then J = Ker(¢) is a closed ideal of A and B = 4/J.
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Proof 3.5.88.
As s-morphism, ¢ is continuous, by corollary 2.6.14. Hence J = Ker(¢) = ¢ 1(0)
is closed. To see that J is indeed an ideal, one calculates for a € A, b € J:

¢(ab) = ¢p(a)p(b) = ¢(a)-0=0 abe J etc. .

From the short exactness, it follows that ¢ is surjective, i.e. B = Im(¢). Because
of the isomorphism theorem, it holds that

B =Im(¢) = A/ker(¢) = 4/J .
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3.6 Preparations for the Bott-periodicity

However, proving this theorem is no easy task, requiring further concepts from C*-
algebra theory, not yet introduced. In the following we will recap the results form
[AlI17, Section 2.3, 2.4 and3.6], mostly without proofs.

3.6.1 C*-algebras by generators and relations

Definition 3.6.1.

Let G = (z;)jes be a set of generators. The free x-algebra defined by G is the
vector space F(G) = F(z; | j € J) with a basis, consisting of all non-empty
words from the alphabet (7;,77})je;. The Multiplication is defined as bilinear
extension of the composition of two words to a new word

(w1, wa) — wiwy = w3

and the *-map is the antilinear extension of the anti-involution z; — 7.

By this definition, there is no unit element, since empty words are not allowed. Hence, we
include the 1 by hand: C1®F(G). Elements of C1®F(G) are called non-commutative
s#-polynomials.

p =@y, TG, T, 7;) € CLd F(G) .

J1?

Definition 3.6.2.
A x-relation on the generators G = (x;);ecs is a pair (p,7n), where p € C1® F(G)
and 7 € R5g. Let now R denote a set of relations on G. A representation
of (G,R) is a pair (H,p), where H is a Hilbert space and p a map p: G —
L(H), x; — A;, such that

IP(Ass - Agyy ALy, AZ)] <7

]n? J1? In

Remark 3.6.3.

The relations can also be of the form p = 0, which becomes an algebraic relation.
Consider for example u*u — 1 = 0, which reads u*u = 1, etc. In this case, it
immediately follows that if p = 0, it holds that ||p|| = 0.

Every representation of (#, p) of (G,R) can be uniquely extended to a x-morphism
p: F(G) — L(H) as follows. Let x;, ...z, 2} ...7} ... be a general word from the
alphabet G, which is a basis element of F(G). Then p is defined (linearly) by

Py o coxy, s oo ) =Ay L A AL VAT

J1 In tm* In

Definition 3.6.4.
A pair (G, R) of generators and relations is called admissible, if for every family
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(H;, pi)icr of representations, and every = € G, it holds that

D pilz) e L (EB’H) .

i€l i€l

If (G,R) is admissible, then (B,c; Hi, Dicr pi) is a representation.

Theorem 3.6.5.
Let (G, R) be an admissible pair of generators and relations. Then

Ipll = sup{l[p(p)I| | (}, p) are representations of (G, R)} .

defines a C*-semi-norm on F(G).

Now, if (G, R) is an admissible pair of generators and relations, we can define C*(G,R)
as the completion of
FO =0y

where || - || is the semi-norm from the theorem. The C*-algebra C*(G,R) is called the
universal C*-algebra of (G, R). It can be shown, that the universal C*-algebra has
the following universal property: If there is a representation (H,p) of (G, R), there
exists a unique *-representation (#, p’) of C*(G, R), such that the following diagram of
*-morphisms commutes:

C*(G.R) " L(H)
=
F(9)
where F(G) — C*(G,R) is the inclusion w.r.t. the construction of C*(G,R).

Theorem 3.6.6.

Let A be a Banach-+-algebra, G = A and R = {(p,0)}. Then C*(A) = C*(G,R)
is called the enveloping C*-algebra of A and satisfies the following univer-
sal property: There is a canonical x-morphism A — C*(A) and for every -
representation (H,p) of A, there exists a unique x-representation (H,p') of
C*(A), such that the following diagram commutes:

/

C*(A) —— L(H)

=

A

3.6.2 Toeplitz algebras
We consider £%(Z), the set of sequences f = (f,)nez C C with
1F12 5= D [ful* < o0

neL
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Then (%(Z) is a separable Hilbert space with the Hilbert basis {e, }ncz, Where
(n)m =O0nm , Yn,meZ.

The closed subspace £*(Ny) is the closed span of the {e, }nen,-

Definition 3.6.7.
The shift operator S on ¢*(Ny) is the unitary operator, defined by

Sen, = e€npy1 -

Let Q: (*(Z) — (*(Np) be the orthogonal projection, then the unilateral shift
operator is S = QSQ.

The unilateral shift operator acts as follows:

. _ ) e ,n=0
Se”_{O , else.

Consider the Fourier transformation

F:(Z) — LXSY) . F()z) =D fa2"

ne”

The integration measure on L?($') is given by the pushforward measure of the Lebesgue
measure A\ w.r.t. [—m, 7] 3 k > e

Lo ds= o [ o) di= o fu) e

—T

In the last step, we used the definition of curve integrals
[ 1) dz = [ £ k) db

for v: [—m, 7] = C , k> ek

1 . 1o ad
- dz = 7/ ik ik ik dk
2mi 741#(2)2 * T omi _Ww(e Je dk©

ik ik ik
=5 /_Ww(e Je "ie™ dk

[t dn

" 2r )

Since $! 3 z = €' for any ¢ € [—7, 7], it holds that

7 = (eif)m = eimp = 7P = ()T = ;7™
So one obtains:

1
(z™ | 2") :/ 2 dy = ]{ Ll =
1 |z|=1

 2mi
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By the Stone-Weierstrass theorem, it holds that C[z, z27!] = (2" | n € Z)¢ is dense in
C($'). Hence {z"},ez is a Hilbert basis of L*($'). Tt especially holds that the series in
the definition of F(f) converges (by definition of ¢*(Z)):

IFOEE = (X 1" |5 5") = 5 Talen | 20)

NneZ MmEZ m,ne”
m,ne’ nez nez

We also observer that F defines a unitary isomorphism.

F @) = {en | F (e = (Flea) [ V)rn = [ 27"0(=) dz

1
So especially it follows that
F (@) = {en | F (2" )@y = (Flen) | 27") 1251y = (2" | 2™)1281) = Omn

which shows that F* = F~1.
The image under F of (?(Ny) is called Hardy space H? and is given by

H2 = ./—"(EQ(N())) = <Zn | n e No)(c

Remark 3.6.8.
Recall that L>(%!) is defined with respect to || f||z= = ess-sup|f|, where the
essential supremum is given by

ess-supf = NiIClSEl (sup f) .

AN)=0 \5'/N

Definition 3.6.9.
Let P be the projection : L*($!) — H? and f € L*(%$'). The Toeplitz
operator T; € L(H?) is defined as Ty(h) := P(fh) for all h € H>.

It follows that

T.(h) = P(zh) = P (Z Z hnz”> =P (Z hnz"“)

neNp n€Ng

= Y hp2"! (Zh€n+1) (FoS) (Zh€n>

neNg n€ENg neNp

=(Fo go}"*)(h)

= T.,=FoSoF".

I Lemma 3.6.10.
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Let f € L>®(8'), then it holds that Tj = T and

1£llzee = T¢Il = 1T¢ vy = imf{|| T + K|l | K € K(H?)} .

Lemma 3.6.11.
Let f € L®($Y), then [T, Ty] has rank less than one.

Theorem 3.6.12.
Let f € C(3') and g € L>°(8"), then the following operators are compact:

Tng - ng ) ng - Tng ) [Tf’ Tg] 0

Theorem 3.6.13.
For the Toeplitz algebra T = C*(T,) it holds that

T={T;+K|feC(S"), KeKH)}=T .

The map
T —C®"Y), n(Tf+K)=f

is a well defined x-morphism, inducing the following short exact sequence of
x-morphisms:

0 —— K(H?) T 5 OB —— 0

The map o: C(3') — T , [+ Ty is an isometrical section as liner map. The
algebra T is irreducible on H* and contains only K(H?) as minimal closed ideal.

The short exact sequence splits in the vector space sense. Since ¢ is not a *-morphism,
the short exact sequence is not splitting in the C*-algebra sense.

Lemma 3.6.14 (Wold-decomposition).

Let H be a Hilbert space and v € L(H) an isometry on H, i.e. z*x = 1. Then
there is a Hilbert space H', w € U(H') and a set I, such that x is unitarily
equivalent to

Tz(l)@u::@TZ@u.
I

Theorem 3.6.15 (Coburn).
The Toeplitz algebra T, together with the x-morphism F{u) — T , u— T, is the
universal C*-algebra for the generator G = {u} with relation R = {u*u = 1}.
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3.6.3 Toeplitz extension

Let A C L(H) be a C*-sub algebra and T the C*-sub algebra of £(H ® H?) generated
by A and the Toeplitz operator u = T,. Then T4 is the universal C*-algebra of the
generators u and {a | a € A} with relations® u*u = 1, au = ua for all a € A as well
as the x-algebra relations of A. This follows from the Coburn theorem 3.6.15 and the
properties of the tensor product, which allow for the universal property to hold.

The algebra QA = C($!, A) is also a C*-sub algebra of £(H ® H?). The map
a®u — z-a defines a unique surjective x-morphism 74: Ty — QA (see theorem 3.6.13).
The kernel Ker(m4) of 74 is generated by A and e := 1 — uu*.’

Lemma 3.6.16.
The element e can be written as e = 1 ® |1)(1].

Proof 3.6.17.

Recall that u = T, € L(H?), and that {|2")},en, is a Hilbert basis of the Hardy
space. So by definition u(z") = T.(2") = 2""!. Since z = ¢ € $!, we have
zz" = 2", such that with lemma 3.6.10 and P = Yy, |2¥) (2"]:

W) =TI = T = P = Y 19| 2

z

keNg

= > |V =M ="

keNy
Thus
ny _ *\ (Y Zn_u(zn—l) ,n>1
e R U A Rt

) == ,n>1
] =1 ,n=20

On the other hand

0 ,n=>1

(A" = (W) = ) | 27 = { L
]

From theorem 3.6.13 it also follows that Ker(ms) = A ® K(H?), since m(K) = 0 for
K € K(H?).

8More carefully, we would need to write ¢ = ¢ ® 1 and u = 1 ® u, such that it naturally follows that:

au=(a®1)o(l®u)=a®u=(l®u)(la®1)=ua .

"'With z € $* ma(a® (1 —uu*)) = (1 —22")a=(1-1)a=0-a=0.
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Definition 3.6.18.
The Toeplitz extension is the following short exact sequence:

0 — AQK(H?) —— Ty 5 QA 0.

Let ga: evyoma: Ta — A and define Ty = Ker(ga). Then T4, is generated by A and
1—u, 80 Tapg C Ta. Indeed, evy(ma(r —u)) =evy(l —2)=1—1=0and

l-w)w—-1)+1-uw)+(1—-u")=1—uu".

The following sequence is a short exact sequence:

0 Tao —— Ta —25 A 0.
This short exact sequence splits with o4: A — Ty C L*(H ® H?), defined by'’
(ca(a))(z) =a((z)), VacA, yeHQH*, 23" .

For v® f € H ® H? it holds that oa(a)(v® f) = (av) ® f, such that we can write
oa(a) = a® 1. As claimed, it holds that

qa(oa(a)) =qala®1) =evi(mala®1)) =evi(l-a)=a.

Corollary 3.6.19.
It holds that Ke(Tao) = Ker((ga).) -

Proof 3.6.20.
From lemma 3.5.81 (applying lemma 3.5.87) we know that

0 —— Ku(Tho) — Ko(Ta) 2% Ko4) —— 0.
is also short exact. But then, short exactness means that

Ko(Tao) = Im(C) = Ker((qa)-) -

Lemma 3.6.21.
Let s € U(A) be self adjoint, then it holds that s € U(A)o.

10Recall that H ® H? = H ® L*($'). So for v® f € H ® H? and z € 8!, we have (v ® f)(2) = f(2)v.
Hence we can define for ¢ € H @ H? the element ¢(z) € H.
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Proof 3.6.22.
Let p == %(1 + s), so s = 2p — 1. Also note, that p is also self adjoint. We define

u =p+e™ V(@ —p) fortelo,1].

Since s* = s and s € U(A), i.e. ss* = s*s = 1, it holds that s*> = 1, such that we
find

1 1
p221(1+23+32): 5(1+s) =p.
Then it holds that p — p? = 0 and thus

uiu, = (p+ e ™ (1 —p))(p+ ™V (1 —p))
— p2 + efiﬂ-(tfl)eiw(tfl)(l . p)2 — p2 + (l . p>2
=p’+1-2p+pP=p+1-2p+p=1

=...=wu; .
This means that u; is unitary. Since
u=p+e T(1—p) =p-(1-p)=2pP-1=35

and u;=p+e1—p)=p+(1-p =1

the claim follows. O

Theorem 3.6.23.
The map (qa)«: Ko(Ta) = Ko(A) is invertible with inverse (o4)s.

Corollary 3.6.24.
It holds that Ke(Tap) = 0.

Proof 3.6.25.
In corollary 3.6.19, we have seen that Ko(740) = Ker((¢ga).). However, we have
shown that (ga). is an isomorphism, i.e. injective, so Ker((g4).) = 0. ]

3.7 Bott-Periodicity

The Bott-periodicity, based on the equally called result from topology, is one of the cen-
tral results in K-theory of C*-algebras, stating that K;(SA) and Ky(A) are isomorphic.
Here we will prove the central result of K-theory in two different ways.

Theorem 3.7.1 (Bott-periodicity).
Let A be a local C*-algebra. Then there is a natural isomorphism of abelian
groups K1(SA) — Ky(A).
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Remark 3.7.2.

The meaning of naturality is the same as for natural transformations here. Let
¢: A — B be a s-morphism, then natural means, that the following diagram
commutes:

K1(SA) -2 KO(A)
Kl(% JKO(W

Ki(SB) —5— Ko(B)

Remark 3.7.3.
Here, we show the proof for the C*-algebra case. With some effort and corollary
3.2.6, it can be shown, that the local C*-algebra case can be reduced to the
C*-algebra case.

Proof 3.7.4 (Only for C*-algebras).
Restricting the short exact sequence from definition 3.6.18 to T4 we obtain the
following short exact sequence:

0 —— A®K(H?) Tao —2— SA 0

Recall, that a and 1 — u generate T4 = Ker(ga). It holds that m4(a ® (1 — u)) =
(1—2)a€ SA, as (1 —1)a=0 for 1 € $'. Using the identification from lemma
3.5.87 allows to apply the long exact sequence of K-theory (theorem 3.5.75). We
obtain:

Ki(Tao) 5% Ki(SA) —2— Ko(A® K(H?) —— Ko(Tap)
It holds that the outer groups K;(7a0) = Ko(Tap) = 0, such that 0 is a bijection,
i.e. an isomorphism 9: K;(SA) = Ko(A ® K(H?)). From lemma 3.2.21 and
corollary 3.4.45 it follows that Ko(A @ K(H?)) = Ky(A), and thus:

o 0d: K1(SA) S Ky(A) .

Remark 3.7.5.
It is common practice to write 0 = 07! 0 9: K;(SA) — Ky(A), hiding the
isomorphy K.(A) = K (A® K).

Corollary 3.7.6.
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There are natural isomorphisms

~ | Ko(A) , for evenn
Kn(4) = { K?(A) , for oddn

Proof 3.7.7.
From theorem 3.5.45 we know that K;(A) = Ky(SA) and by definition 3.5.64,
K, (A) =2 K,_1(SA) = ... = Ky(S"A). On the other hand, the Bott-periodicity
states that K;(SA) = Ky(A).

Indeed, for Ky(A) we find

Fo(A) = K1(SA) = Ko(A)

and Kg(A) = Kl(SQA) = K()(SA) = Kl(A) .

So we can assume that Ko, (A) = Ky(A) and Ky, 1(A) = K;(A) for m € Ny.
Completing the induction, we calculate:

Kogmi1)(A) = Konia(A) = Ky (S?A) = Ko(S57A) = K (SA)
= Ky(A)

and also

Komn)+1 = Komis(A) = Ko 1(S?A) = K (S?A) = Ko(SA)
= Ki(A) .

O

The proof of the Bott-periodicity used the Toeplitz extension. In the literature, the
construction of the Bott-map is a common way of proving the Bott-periodicity.

Let A be a local C*-algebra and [ploo — [pn]oo € Ko(A), with p € Proj(M(AT)) for
k>mn,ie p—p, € Mi(A) by theorem 3.4.40. Set

fot) =e*™p+1—p,

the it holds that

Fo®) fot) = (e7*™p+ 1 = p)(e"™p+ 1 —p)
_ p2 + 6—2i7rtp _ €—2i7rtp2 + e2i7rtp +1-— p— 621'7rtp2 —p +p2
=p+ e—2i7rtp _ 6—2i7rtp + €2i7rtp +1— p— 62i7rtp —p+p

:p‘i‘]l_p:]l:---:fp(t)fp(t)*7

that is f,(t) € Ux(AT). Since f,(0) =1 = f,(1), f, is a loop in Uy (A™") with base point
1. The calculation

Fo@) fo ()7 = fo(0) fp ()" = (™ p+ L = p)(e™ ' pu + L — pa)
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= [p(0)£,(0)7 = (W) fp, () = (p+ 1 = p)(pn+ 1 —p)
=ppn+D—PPnt P+ 1 —Du—ppn— D0+ P00
=1¢€ A4k((»

implies that f,f, ' € Up((SA)*) (compare remark 3.5.41), allowing to define

Ba([ploo = [Pnloo) = [fpfy 11 € K1(SA) .

Note that since f, and f,, are loops in Up(A%), so is f,f,!. Because of p = p,
mod My (A), one can calculate that fpf};l1 =1 mod Ug(SA), such that indeed f;,,L}C]D_n1 €
Ux(SA), by definition 3.5.1.

Definition 3.7.8.
The map

Ba: Ko(A) — K1(SA) ,  Ba([ploo — [Pnloo) = [fpfp 1

is called Bott-map.

We still need to show, that the Bott-map is well defined.

Lemma 3.7.9.
The Bott-map is a well defined group morphism. Furthermore, it is natural, i.e.
for every x-morphism ¢: A — B of local C*-algebras, the following diagram
commutes:

Ko(A) —*— Ko(B)

BAJ JEB

Proof 3.7.10.
Let p’ ~}, p, then f, is homotopic to f,; with base point 1. This shows that £, is
well defined.

We calculate with the help of lemma 3.5.32

Ba([ploo = [Pmloo + [doo — [Pm]oo)
= B4 ([diag(p, ¢)]oo — [diag(pn, Pm)]oo)
= | Faiosto.0) Fatagton o |, = |V08(F S diag(fof,,1)]
= [diag(fof;,s folp)], = Ul nlfafinl )t

which shows the morphism property.
For the commutativity of the diagram, let [ploo — [pn]oo € Ko(A), with p €
Proj(Mg(A™)) for k > n, ie. p—p, € Mg(A). Then

Be(¢«([ploo — [Prloo)) = Bre([é(p)]oo — [¢(Pn)]oo)
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= Ba([0(D)]oo — [Prloo) = [fow) o' 11
= [¢(fp)fp:Ll]1

and with 6(f,1) = 6(f;,) = f3, = fy."
(S0)«(Ba([ploo — [Puloo)) = (S)u([fp ;) 11) = [6(fu Sy )
= [Qs(fp)f;;ll]l

Theorem 3.7.11.
The negative of the Bott-map —[4 is inverse to the isomorphism 0: K1(SA) —
Ko(A) form theorem 5.7.1.

Remark 3.7.12.
The Bott-map can be considered as a natural transformation, between the functors
K; 0§ and Ky, which the index (3, suggests.

Proof 3.7.13.
Consider the splitting short exact sequence (see proof 3.5.86):
0 A—— AT == C 0

—
J

It is enough to show the statement for unital A. Let 9: K;0S — Ko(A®K(H?))
the index map of the reduced Toeplitz extension from proof 3.7.4, where it was
shown, that 0 is a natural isomorphism. Furthermore, let 0: Ky(A) — Ko(A ®
K(H?)) be the natural isomorphisma, induced by the *-morphisms

E:A—AQKH)CTa, ar—a®e.

The induced morphisms o = K,(£) are isomorphisms, because K,(A ® K(H?)) =
Ko(A). The isomorphism constructed in proof 3.7.4, is just

cl0d: KjoS — K.

0 and o are natural morphisms and ¢~ 00 is an isomorphism, so in order to prove
that 8 = (67! 0 d)7!, it is enough to show that —o7' 0 d o 8 = Id. This is an
equation of natural transformations between the functors K; o .S and K.

With methods of category theory, it can be shown that such a natural trans-
formation is given by its action on A = C and is well defined by its action
on [1]p. It holds that oc([1]oo) = [e]oo and by construction of the Bott-map
Be([1oo) = [t — €*™]; = [z]1, where z € QC is the identity on $'.

There is a lift for diag(z,z) € My(T), w.r.t. the map nc: Tc = T — QC, give

by
L u e
vi=1g o)
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Indeed, 7m¢(u) = 2, so me(u*) = me(u)* = z* =z and 7mc(e) = me(1 —uu®) = 0. It
holds that
« f[u e u* 0\  [(uu+e ue) (1 0
o w e w) T eu wu)  \0 1)
« _f(uuw  uxe \ (1 0
YT e 14 wr) T 0 1)

This shows that v is unitary. Following the construction of the index map (definition
3.5.69):

o) =lemaln =ik = ("5 )] = (6 5], == 6 9],
> —estetn =2 (|5 o)],) = (% 0)],
- K}) 8)] = [puJoo = oo

Yet, we have already B¢ ([1]oo) = [2]1, which shows —o7! 0 d o 8 = Id. O

Theorem 3.7.14.
Let J C A be a closed ideal, then there is an exact diagram of morphisms of
abelian groups

Ko(J) —2— Ko(A) —2— Ko(4/1)

of g
Ky (A7) 55— Ki(A) «—— Ki(J)

Px

where § == 0 o Bajs -

Proof 3.7.15.

First, we observe, that indeed Ba/,: Ko(4/7) = K1(S(4/7)) & K»(4/s) by definition
3.5.64 and 9: Ky(4/5) — K1(J), such that 0 is well defined. From theorem 3.5.75
the exactness follows in all terms but Ky(4/s) and K;(J).

In the next step, we will use p, = Ky(p) to make the reasoning more transparent.
Since [ is a natural isomorphism (theorems 3.7.1 and 3.7.11), it holds that 4 o
Ko(p) = Ka(p) o Basy: Ko(A) = Ko(4/7). But since Im(K5(p)) = Ker(9) for the
index map, because of theorem 3.5.75, the sequence is exact in K(4/7).

Exactness in K7 (J) also follows from theorem 3.5.75, since Im(9) = Ker(t,). O
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